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Abstract 

The aim of our article is to generalize the Toponogov comparison theorem to a 
complete Riemannian manifold with smooth convex boundary. A geodesic triangle 
will be replaced by an open (geodesic) triangle standing on the boundary of the 
manifold, and a model surface will be replaced by the universal covering surface of 
a cylinder of revolution with totally geodesic boundary. As an application of our 
comparison theorem, we will prove splitting theorems of two types. 

1 Introduction 

Cohn-Vossen is one of pioneers in global differential geometry. More than seventy years 
ago, he investigated the relationship between the total curvature and the Riemannian 
structure of complete open surfaces. He has given big influence to many geometers who 
research in global differential geometry, although he studied only 2-dimensional manifolds 
in |CVlj and |CV2j . For example, Cohn-Vossen proved the following theorem known as 
a splitting theorem : 

Theorem 1.1 ( |CV2[ Satz 5]) // a complete Riemannian 2-manifold has non-negative 
Gaussian curvature and admits a straight line, then its universal covering space is iso- 
metric to Euclidean plane. 

Toponogov ( |T2] ) generalized this splitting theorem for any dimensional complete Rie- 
mannian manifolds with non-negative sectional curvature by making use of the Toponogov 
comparison theorem ( [TlJ ). It is well known that the Toponogov comparison theorem has 
produced many great classical results, e.g., the maximal diameter theorem by Toponogov 
( |T1] ). the structure theorem with positive sectional curvature by Gromoll and Meyer 
( |GM] ). and the soul theorem with non- negative sectional curvature by Cheeger and Gro- 
moll ( |CG] ). Besides the Toponogov comparison theorem, some techniques originating 
from Euclidean geometry also play a key role in the references above. The techniques 
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such as drawing a circle or a geodesic polygon, and joining two points by a minimal 
geodesic segment are very powerful in the comparison geometry. Cohn-Vossen first in- 
troduced such techniques into global differential geometry (see [CVlj and |CV2j ). The 
Toponogov comparison theorem enables us to make use of such a technique in the com- 
parison geometry. 

In 2003, Itokawa, Machigashira, and Shiohama generalized the Toponogov compari- 
son theorem by means of the radial sectional curvature. Their result contains the original 
Toponogov comparison theorem as a corollary (see [IMSj Theorem 1.3]). The model sur- 
face in the original Toponogov comparison theorem is a complete 2-dimensional manifold 
of constant Gaussian curvature, but in [IMSj . the model surface is replaced by a von 
Mangoldt surface of revolution. Here, a von Mangoldt surface of revolution is, by defi- 
nition, a complete surface of revolution homeomorphic to Euclidean plane whose radial 
curvature function is non-increasing on [0, oo). Very familiar surfaces such as paraboloids 
or 2-sheeted hyperboloids are typical examples of a von Mangoldt surface of revolution. 
Hence, it is natural to employ a von Mangoldt surface of revolution as a model surface. 
The reason why a von Mangoldt surface of revolution is used as a model surface lies in 
the following property of the surface: 

Theorem 1.2 ( |Tn[ Main Theorem]) The cut locus of a point on a von Mangoldt surface 
of revolution is empty or a subray of the meridian opposite to the point. 

It would be impossible to prove |IMS[ Theorem 1.3] for general surfaces of revolution, 
because the cut locus of the surface appears as an obstruction, when we draw a geodesic 
triangle in the model surface. For example, the proof of |KT2t Lemma 4.10] suggests such 
an obstruction. In |KT2j . the present authors very recently generalized |IMSt Theorem 
1.3] for a surface of revolution admitting a sector which has no pair of cut points. 

Our purpose in this article is to establish the Toponogov comparison theorem for Rie- 
mannian manifolds with convex boundary from the radial curvature geometry's standpoint. 

Now we will introduce the radial curvature geometry for manifolds with boundary: 
We first introduce our model, which will be later employed as a reference surface of 
comparison theorems in complete Riemannian manifolds with boundary. Let 

M := {R,dx^) x„ {R,df) 

be a warped product of two 1-dimensional Euclidean lines (M, dx^) and (M, dy^), where 
the warping function m : M — > (0, oo) is a positive smooth function satisfying m(0) = 1 
and m'(0) = 0. Then we call 

X := |p G M I x{p) > o| 
a model surface. Since m'(0) = 0, the boundary 

dX ■.= {peX\ x{p) = 0} 
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of X is totally geodesic. The metric ^ of X is expressed as 

g = dx^ + m(xYdy'^ (1-1) 

on [0, oo) X M. The function G o jX : [0, oo) — > M is called the radial curvature function 
of X, where we denote by G the Gaussian curvature of X, and by jl any ray emanating 
perpendicularly from dX (Notice that such a jl will be called a 9X-ray). Remark that 
m : [0, oo) — > M satisfies the differential equation 

m"{t) + G{lL{t))m{t) = 

with initial conditions m(0) = 1 and m'(0) = 0. We define a sector 

x{e) ■.= y-'me)) 

in X for each constant number 6 > 0. Since a map {p, q) — > {p.,q + c), c eM.., over X is 
an isometry, X{9) is isometric to y~^(c, c + 9) for all c G M. Note that the n-dimensional 
model surfaces are defined similarly, and, as seen in [KKj . we may completely classify 
them by taking half spaces of spaces in [MSj Theorem 1.1]. 

Hereafter, let (X, dX) denote a complete Riemannian n-dimensional manifold X with 
smooth boundary dX. We say that dX is convex, if all eigenvalues of the shape operator 

of dX are non-negative in the inward vector ^ normal to dX. Notice that our sign of 

differs from [S]. That is, for each p G dX and v G TpdX, 

A^{v) = -{V.Nf 

holds. Here, we denote by X a local extension of ^, and by V the Riemannian connection 
on X. 

For a positive constant i, a unit speed geodesic segment /i : [0,£] — > X emanating 
from dX is called a dX-segment, if 

d{dX,i2{t)) = t 

on [0,^]. If /i : [0,^] — ¥ X is a 9X-segment for all £ > 0, we call fi a dX-ray. Here, we 
denote by d{dX, ■ ) the distance function to dX induced from the Riemannian structure 
of X. Notice that a SX-segment is orthogonal to dX by the first variation formula, and 
so a dX-Tay is too. 

For any fixed two points p, g G X \ dX, an open triangle 

{dX,p,q) = (7,/ii,/i2) 

in X is defined by two 9X-segments fii : [0,ii] — )■ X, i = 1, 2, a minimal geodesic 
segment 7 : [0, d{p, q)] — > X, and dX such that 

= 7(0) = P, /i2(^2) = l{d{p, q)) = q. 
In this article, whenever an open triangle {dX,p,q) = (7,/ii,/i2) in X is given. 
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{dX,p,q) = (7,/ii,/i2), as a symbol, 

always means that the minimal geodesic segment 7 is the opposite side to dX emanating 
from p to q, and that the (9X-segments /ii,/i2 are sides emanating from dX to p, q, 
respectively. 

{X,dX) is said to have the radial curvature (with respect to dX) bounded from below 
by that of {X, dX) if, for every dX-segment /i : [0, i) — > X, the sectional curvature Kx 
of X satisfies 

Kxicrt) > G{jl{t)) 

for all t G [0, i) and all 2-dimensional linear spaces at spanned by fi'{t) and a tangent vector 
to X at /i(t). For example, if the Riemannian metric of X is dx'^+dy'^, or (ix^+cosh^(a;) dy'^, 
then = 0, or G{fL{t)) = —1, respectively. Furthermore, the radial curvature 

may change signs wildly (e.g., jKTU Example 1.2], jKT3] ). 

Our main theorem is now stated as follows : 

Toponogov's Comparison Theorem for Open Triangles. 

Let {X, dX) be a complete connected Riemannian n-dimensional manifold X with 
smooth convex boundary dX whose radial curvature is bounded from below by that of a 
model surface {X,dX) with its metric M.l\) . Assume that X admits a sector X {9 q) which 
has no pair of cut points. Then, for every open triangle {dX,p, q) = (7, /ii, fi2) in X with 

d(/ii(0),/i2(0)) <^^o, 

there exists an open triangle {dX,p,q) = (7,/ii,/i2) in X{9o) such that 

d{dX,p) = d{dX,p), d{p,q) = d{p,q), d{dX,q) = d{dX,q) 

and that 

Zp>Zp, Zq>Zq, rf(/ii(0),/i2(0)) > rf(/ii(0),/i2(0)). 
Furthermore, if 

rf(/ii(0),/i2(0)) =c/(/2i(0),/i2(0)) 

holds, then 

Zp = Zp, Zq = Zq 
hold. Here Zp denotes the angle between two vectors 7'(0) and — fi[{d{dX,p)) in TpX . 

Notice that we do not assume that dX is connected in our main theorem. Moreover, 
remark that the opposite side 7 of {dX,p,q) = (7,/ii,/i2) does not meet dX (Lemma |6. II 
in Section [6]). A related result for our main theorem is |MSt Theorem 3.4] of Mashiko 
and Shiohama. In [MS], they treat a pair {M,N) of a complete connected Riemannian 
manifold M and a compact connected totally geodesic hypersurface N of M such that the 
radial curvature with respect to is bounded from below by that of the model ((a, 6) x„ 
N,N), where (a, 6) denotes an interval, in their sense. Thus, our Toponogov comparison 
theorem for open triangles is applicable to the pair (M, A^), because the radial curvature 
with respect to A^ is bounded from below by that of our model ([0, 00), dx'^) Xm dy"^). 
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There are many examples of model surfaces satisfying the assumption on our main 
theorem. For example, it is clear that a model surface {X, dX) with its metric dx^ + dip, 
or dx^ + cosh^(x) dy"^ has no pair of cut points in a sector X{6) for each constant > 0, 
respectively. Moreover, we have another example of model surfaces which have no pair of 
cut points in a sector : 

Example 1.3 Let M := (M, (it^) (S^,(i^^) be a warped product of a 1-dimensional 
Euclidean line (R, lit^) and a unit circle (§^,(i6'^) satisfying the next three conditions : 

(C-1) The warping function m : M — )■ (0, oo) is a smooth even function satisfying 
m(0) = 1 and m'(0) = 0. 

(C-2) The radial curvature function G{jl{t)) = —m"(t)/m{t) is non-increasing on [0, oo). 

(C-3) m'{t) ^ on M\ {0}. 

Tamura ( [Tmj ) proved that the cut locus of a point p E M with 6{p) = is the union 
of the meridian 6 = n opposite to 6 = and a subarc of the parallel t = —t{p). Now, 
we introduce the Riemannian universal covering surface M := (M R, dx"^ + m{x)'^dy'^) 
of {M,dt^ + m{tyd6'^). It follows from Tamura's theorem above that the half space 
X := ([0, oo) x^ R, dx"^ + m{x)'^dy'^) of M has no pair of cut points in a sector X{9) for 
each constant ^ > 0. For example, a model surface with its metric dx'^ + (e~^ )'^dy'^ is one 
of such models. 

As an application of the Toponogov comparison theorem for open triangles, we will 
present splitting theorems of two types in Sections [10] and [HI, respectively. The following 
theorem is one of them : 

Theorem 1.4 (Corollary 110.61 and Proposition 110.71 in Section [TU]) 

Let {X, dX) be a complete non-compact connected Riemannian n-dimensional mani- 
fold X with smooth convex boundary dX whose radial curvature is bounded from below by 
that of a model surface {X, dX) with its metric ( (i. ij) . Assume that X admits at least one 
d X-ray. 

(ST-1) If{X,dX) satisfies 

/ TT^dt = OO 

Jo rn{ty 

then X is isometric to [0, oo) x^dX . In particular, dX is the soul of X , and the 
number of connected components of dX is one. 

(ST-2) If{X,dX) satisfies 

liminf m{t) = 

t—^oo 

then X is diffeomorphic to [0, oo) x dX. In particular, the number of connected 
components of dX is one. 
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The Toponogov comparison theorem for open triangles in a weak form (Proposition I9.2p 
will be applied in the proof of Theorem 11.41 (see Section [TU]) . The assumption on the 
existence of a dX-iaj is very natural, because we may find at least one dX-iaj if dX 
is compact. If the model X is Euclidean (i.e., m = 1), then the (ST-1) holds. Hence, 
Theorem 11.41 extends one of Burago and Zalgaller' splitting theorems to a wider class of 
metrics than those described in [BZ' Theorem 5.2.1], i.e., we mean that they assumed 
that sectional curvature is non-negative everywhere. 

In Section [TTl we will prove another splitting theorem (Theorem 111.61) for a complete 
connected Riemannian manifold with disconnected smooth compact convex boundary 
whose radial curvature is bounded from below by 0. 

The body of this article is divided into twelve sections, inclusive of this introduction, 
as follows : 



Contents 

1 Introduction [l| 

2 The Sketch from Section 3 to Section 6 

3 The Focal Cut Locus of dX S 



4 Length of 9X-segments in Variations [10 



5 Thin Open Triangles [17 



6 The Opposite Side to dX of an Open Triangle |24 



7 Alexandrov's Convexity |26 



8 Toponogov's Comparison Theorem |31 



9 Generalized Open Triangles |36 



10 Application, I [37 



11 Application, II |43 



12 Appendix |49 



In the following sections, all geodesies will be normalized, unless otherwise stated. 
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2 The Sketch from Section 3 to Section 6 

Here, we sketch in the organization from Sections [3] to [6], because we need many lemmas 
for proving our main theorem. 

Throughout this section, let {X, dX) be a complete connected Riemannian n-manifold 
X with smooth convex boundary dX whose radial curvature is bounded from below by 
that of a model surface {X, dX). 

Our main purpose between Sections [3] to [5] is to prove the following lemma, which 
is one of fundamental lemmas to establish the Toponogov comparison theorem for open 
triangles (Theorem I8.4p : 

Lemma on Thin Open Triangles. For every thin open triangle {dX,p, q) in X, there 
exists an open triangle {dX,p,q) in X such that 

d{dX,p) = d{dX,p)^ d{p,q) = d{p,q), d{dX,q) = d{dX,q) 

and that 

Zp > Zp, Zq > Zq. 
Thin open triangles are defined as follows : 

Definition 2.1 (Thin Open Triangle) An open triangle {dX,p,q) = (7,/xi,/i2) in 
(X, dX) is called a thin open triangle, if 

(TOT-1) the opposite side 7 of {dX,p,q) to dX is contained in a normal convex neigh- 
borhood in X \ dX, and 

(TOT-2) L(7) < inj(g,) for all s E [0,d{p,q)], 

where L^j) denotes the length of 7, and denotes a point in X with 

d{dX,q,) = d{dX,^{s)) 

for each s G [0, d{p, q)]. 

Here, the injectivity radius inj(p) of a point p E X is the supremum of r > such that, for 
any point g G X with d{p, q) < r, there exists a unique minimal geodesic segment joining 
p to q. Remark that, for each point p G X \ dX, 

inj(p) > d{dX,p) 

holds, if p is sufficiently close to dX. 

Hence, Sections [3] and H] are set up to prove Lemma on thin open triangles (Lemma 
15. 8|) : In Section [3l we investigate the relationship between minimal geodesic segments in 
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a complete connected Riemannian manifold X with smooth boundary dX and the focal 
cut locus of dX (Lemma 13.51) . Section H] is the heart of this article, i.e., we have Key 
Lemma (Lemma 14. 5p of this article. Here Lemma 14.51 is a comparison theorem of the 
Ranch type on length of (9X-segments in variations of a 9X-segment. We also have a 
rare application of the Warner comparison theorem in the proofs of Lemmas 14.31 and 14. 4[ 
Notice that Lemmas 13.51 and 14.51 are indispensable for us to prove Lemma on thin open 
triangles. In Section El we prove Lemma on thin open triangles, using Lemmas 13.51 and 

m 

In Section [6], we see, without curvature assumption, that the opposite side of any open 
triangle to dX does not meet dX, if dX is convex. 

3 The Focal Cut Locus of dX 

Our purpose of this section is to investigate the relationship (Lemma l3.5l) between minimal 
geodesic segments in a complete connected Riemannian manifold with smooth boundary 
and the focal cut locus of the boundary. In particular, it will be clarified, by using 
Lemma 13.51 in Section [S] that the cut locus of the manifold is not an obstruction at all 
when we draw a corresponding open triangle in a model surface for each open triangle in 
the manifold. 

Throughout this section, let {X, dX) denote a complete connected Riemannian n- 
manifold X with smooth boundary dX. 

First, we will recall the definitions of (9X-Jacobi fields, focal loci of dX, and cut loci 
of dX, which are used throughout this article. 

Definition 3.1 (9X-Jacobi Field) Let fi : [0, oo) — y X be a unit speed geodesic 
emanating perpendicularly from dX. A Jacobi field Jqx along n is called a dX-Jacobi 
field, if Jqx satisfies 

JaxiO) G T^io)dX, 4^(0) + A^'(o)(Jox(0)) G {T^io)dX)^. 

Here J' denotes the covariant derivative of J along fi, and ^^'(o) denotes the shape operator 
ofdX. 

Definition 3.2 (Focal Locus of dX) A point n{to), to ^ 0, is called a focal point of 
dX along a unit speed geodesic /i : [0, oo) — )■ X emanating perpendicularly from dX, 
if there exists a non-zero Jacobi field Jqx along /i such that JQx{to) = 0. The focal 
locus Foc{dX) of dX is the union of the focal points of dX along all of the unit speed 
geodesies emanating perpendicularly from dX. 

Definition 3.3 (Cut Locus of dX) Let /i : [0,io] — > X be a 9X-segment. The end 
point /i(i'o) of //([0,^o]) is called a cut point of dX along /i, if any extended geodesic 
/2 : [0,^i] — > X of fi, ii > io, is not a c^X-segment anymore. The cut locus Cut(9X) of 
dX is the union of the cut points of dX along all of the 9X-segments. 
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Set 

FC{dX) := Foc{dX) n Cnt{dX). 
We then call FC{dX) the focal cut locus ofdX. 

From the similar argument in |ITlj , we have 

Lemma 3.4 (see |ITH Lemma 2]) The H aus dor ff dimension ofYC{dX) is at most n — 2. 
In particular, 

?^„_i(FC(9X)) = 0. 

Here T-in-i denotes the {n — 1)- dimensional Hausdorff measure. 

An open neighborhood f7(g) of g G X is called a normal convex neighborhood of q, if, 
for any points qi,q2 G U{q), there exists a unique minimal geodesic segment a joining qi 
to q2 such that the segment a is contained in U{q). Then, it follows from Lemma [33] that 

Lemma 3.5 Assume that 

p^Foc{dX), g^Cut(p), and -f{[0, d{p, q)]) n dX = ij), 

where 7 denotes the minimal geodesic segment joining p to q. Then, for each v G S^"^ := 
{v G TqX I ||t>|| = 1}, there exists a sequence 

of minimal geodesic segments 7^ emanating from p = 7i(0) convergent to 7 such that 

7i([o,£.])nFC(ax) = 

and 



t^oo ||exp/(7i(£i))|| 



Here exp^ ^ denotes the local inverse of the exp^ on a normal convex neighborhood U (g) 
of q disjoint from dX . 

Proof. Let {gjl^^pj denote a sequence of points qj G U{q) convergent to q such that 

qj Cut(p), aj([0, d{p, qj)]) H 9X = 0, 

and 



1 



3 



;^oo ||exp i(gj)|| 



Here aj : [0, qj)] — > X denotes the minimal geodesic segment emanating from p 
aj{0) to qj. We will prove that, for each qj, there exists a sequence 

{7p^[0,£a^X},,M 
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of minimal geodesic segments emanating from p = 'jI''\o) convergent to aj such that 

7?([O,£p)])nFC(9X) = 0. (3.1) 

It is sufficient to prove the existence of the sequence 7^'' for each j G N, because it is easy 
to prove the existence of the sequence {74 : [0,ii] — > X}i^fq in our lemma by taking a 
subsequence of {'y^''^ : [Oj^p^] — ^ -^}i,jgN- 

Choose any qj and fix it. Since p is not a focal point of dX, there exists a normal 
convex neighborhood -B2e(p) of p with radius 2e such that 



B2e{p) n Foc{dX) = 0. (3.2) 

Since qj is not a cut point of p, there exist two numbers ij > d{p,qj), 9j > 0, and a 
neighborhood Uj around qj such that Uj is diffeomorphic to Va'.{o)iOj) x {e,ij). Here we 
set 

Va'^io)i0j) ■■= {wj G T,X I 11^,11 = 1, A^j,a'jm < 
Here, the diffeomorphism $j from V^',(o)(^j) x {^Aj) onto f/j is given by 

$j(wj,s) := expp(sWj). 

Since is Lipschitz, the map H^ := Vj o <I>t^ : Uj — )■ Va'.{Q){6j) is also Lipschitz, where 
'Pj '■ Ki:'.(o)(^i) X (^5^i) — ^ Ki:'(o)(^i) denotes the projection to the first factor. Therefore, 
it follows from Lemma 13.41 that 



7/„_i(H,(f/,nFC(aX))) = 0. 
lere exists a sequei 

to aj(0) such that 



This implies that there exists a sequence {wf''}i^^ of elements w^p G V^'.(o)(^i) convergent 



w;pVnj(f/, nFC(9X)) (3.3) 

for each i G N. Let {iP}i^^ be a sequence of numbers ^P G (0, £j) convergent to d{p^ qj). 
By setting 

for each i G N, it follows from (13. 2p and (13. 3p that we get a sequence of minimal geodesic 
segments 7^'' emanating from p = 7j-"'^(0) convergent to aj satisfying (13. ip . □ 



4 Length of ^X-segments in Variations 

Our purpose of this section is to prove a comparison theorem (Lemma 14.51) of the Ranch 
type on length of (9X-segments in variations of a dX -segment, by using the second varia- 
tion formula and the Warner comparison theorem. As a result, readers might be surprised 
by, and would realize, as Gromoll once suggested, that we may still understand a global 
matter on a Riemannian manifold by the second variation, because Lemma on thin open 
triangles (Lemma 15. 8p . proved by Lemmas 13.51 and 14. 5[ plays an important role in the 
proof of the Toponogov comparison theorem for open triangles (see Section [8]). 
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Throughout this section, let (X, dX) denote a complete connected Riemannian n- 
manifold X with smooth convex boundary dX whose radial curvature is bounded from 
below by the radial curvature function G of a model surface {X, dX) with its metric f ll.ip . 

Take any point r G X \ (9X U Foc(9X)), and fix it. Then there exists a positive 
number Eq := eo{r) such that 

B2eo (r) n (Foc(9X) U 9X) = 0, (4.1) 

where B2sq{t) denotes the normal convex neighborhood of r with radius 2eQ. Take any 
point 

and fix it. Let yU : [0,£] — )■ X denote a (9X-segment to p = By f l4.ip . we may find 

a number ei e (0, eo] independent of the choice of p and an open neighborhood lA around 
i^'{0) such that 

exp^:W^5,,(p) 

is a diffeomorphism. Here exp-*- denotes the normal exponential map on the normal bundle 
of dX. Let ^ : M — > S^"^ be a unit speed geodesic on S^"^ emanating from n'{£) = ^(0), 
where S^"^ := {t; G TpX | \\v\\ = 1}. Notice that 

Z{f,'{i),m) = \0\ 

for all ^ G [— 7r,7r]. From now on, we assume that the curve ^ and its parameter value 
6 G [— vr, vr] are also fixed. Then, we get a minimal geodesic segment c emanating from 
p = c(0) defined by 

c(s) := expp(s^(0)) 

for all s G (— Thus, we get a geodesic variation Lp : [0,£] x (—ei,ei) — )■ X of /i 
defined by 

ip{t,s) := exp^ ( 



where we set := (exp-*- 1^^) {c{s)). For each s G (—^i, ei), c(s) is joined by a geodesic 
segment ips{ ■ ) '■= f{' ,s) emanating perpendicularly from dX. By setting 

Jaxit) :=^(t,0) 

we get a c^X-Jacobi field Jgx along /i. It is clear that 

Jaxii) = c'(0). (4.2) 

Then, we first get 

Lemma 4.1 For each t G [0,£], a vertical component YQx{t) of Jdx{t) with respect to 
/i'(t) is given by 

Ydxit) ■■= Jdxit)~^tfi'it) 
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Proof. Since Jgx is a Jacobi field along /i, there exist constant numbers a and b satisfying 

{Jdx{t),l^'{t)) = at + b 

for all if: G [0,i]. Since Jdx{0) is orthogonal to /u'(0), we see 6 = 0. Furthermore, by (14.21) . 
we see 

cos 9 
" = ^. 

Thus, we get 

{J9xit),fi'it)) = ^t 

for all t G [0,£]. Hence, the Jacobi field Yqx along /i defined by 

is orthogonal to /i'(t) on [0,£]. □ 

In this article, we denote by 

l'sxiV,W) := Ie{V,W) - (A^,(o)(F(0)), 1^(0)) 

the index form with respect to /i|[o,^] for piecewise C°° vector fields V,W along /i|[o,£], 
where we set ^ 

Jo 

which is a symmetric bilinear form. The following lemma is clear from the first and second 
variation formulas and Lemma 14. 1[ 

Lemma 4.2 

L'(0) = cos^ 

and 

L"{0)=l'gj,iYox,Ysx) 

hold. Here L{s) denotes the length of the geodesic segment (fs{ ■ ) emanating perpendicu- 
larly from dX . 

Now, choose any sufficiently small number A > and fix it. Let {X\, dXx) denote a 
model surface with its metric 

gx = dx^ + mx{xYdy'^ 

on [0, oo) X M. Here the positive smooth function mx satisfies the differential equation 

+ (G - A)mA = 0, mA(0) = 1, m';,(0) = 0, 

where G denotes the radial curvature function of {X,dX). Thus, the radial curvature of 
(X, dX) is greater than Gx := G — X. Take any point p in Xx \ dXx satisfying 

d{dXx,p) = d{dX,p) = d{dX,ij{e)) = £. 
12 



Throughout this section, we fix the p. 

Let fl\ : [0,£] — > Xx denote a dXx-segment to p, and let Ex denote a unit parallel 
vector field along fix orthogonal to fix- Then, we define a (?X;^-Jacobi field Zx along fix 
by 

'■= -^^xit)Ex{t) 
mx[q 

Furthermore, by the same definition above, we also denote by - , ■) the symmetric 
bilinear form for piecewise C°° vector fields along fi\\[o,£]- Then, we have 

Lemma 4.3 

hiZx, Zx) > I'axiZax, Zqx) + ^tt^ / mxitf dt 

"^A(,tj Jo 

holds for all dX-Jacobi field Zqx along fi orthogonal to ^ with = 1- 

Proof. From the argument in the proof of the Warner comparison theorem [W], we may 
prove this lemma. For completeness, we will give a proof here : Let E' be a unit parallel 
vector field along /i orthogonal to fi such that 

E{i) = Zaxii), 

where Zqx denotes a c?X-Jacobi field along orthogonal to /x. Set 

Wit) := -±^^mxit)Eit) 

Since Kxi^t) > G{fi,{t)) > Gxif^xit)) = G{fl{t)) — A, we have 

2 



Z, 



dt 



Ie{Zx,Zx)= I ^[Z',,Z',)-Gx{fix{t)) 

{{W',W')-{Gif,{t))-\) \\Wf}dt 

> [ {{W',W') - Kx{at) \\Wf} dt + \ [ \\W\fdt 
Jo Jo 

= I,{W,W) + ^-- ['mxit)^dt (4.3) 



^X{i)' JO 

Since Zqx is the c^X-Jacobi field with ZQx{i) = E{i) = W{£), it follows from [HI Lemma 
2.10 in Chapter III] that 

kiW, W) - (A^,(o)(W^(0)), WiO)) = X'qx{W, W) > X'qx{Zqx, Zqx) (4.4) 

Since (A^/(o)(Vr(0)), Vr(0)) > 0, we get, by gSD and fO|l . 

h{Zx,Zx) >X'qx{Zqx,Zqx) + {A^>io){Wm,W{Q)) + f mx{t)^ dt 



>I'qx{Zqx,Z9x) + ^^ [ mx{tfdt 
fnx\i) Jo 



□ 
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Let c\ : {—Si^ei) — )■ X\ denote the minimal geodesic segment emanating from p = 
ca(0) corresponding to the minimal geodesic segment c(s) = expp(s^(6')), s G {—ei,ei) 

in Bi,^{p) C X. Without loss of generality, we may assume that B^^{p) fl dX = 0. We 
consider a geodesic variation (^^^^ : [0,i] x (—ei,ei) — > Xx of fix defined by 

^^^\t,s) :=exp^ 
where we set vx{s) := (exp-*-) ^ (ca(s)). By setting 

we get a SX^-Jacobi field Jx along /i^. As well as above, Ja(^) = 5^(0) holds, and the 
Jacobi field Yx along along fix defined by 

Yx{t) ■.= Jx{t)-'-^tj,',{t) 

is orthogonal to fi'xit) on [0,£]. 

Lemma 4.4 There exists a number Aq := Ao(^0;£^o) > depending on [q and Eq such 
that, for any A G (0, Aq), any unit speed geodesic ^ on §p^^ emanating from and 
any 9 G (0, n), 

hiYx, Yx) - X'exiYox, lax) > A sin^ 9 
holds. Here Ci is a constant number given by 

where io := d{dX,r). 
Proof. Since 

Yx{i) = c'xiO) - cos9jl'x{i) = ±sin^ ■ Ex{i) = ±sin^ ■ Zx{i), 

we see 

Yxit) = ±sm9-Zxit) 

on [0,i]. Hence, we have 

IeiYx,Yx)=sm''9-h{Zx,Zx), (4.5) 



Similarly, we have, by Lemma [4 .H 

Ygxit) = sm9- Zgxit) 

for some (9X- Jacobi field Zgx along orthogonal to /i with ||Zax(^)|| = 1- Hence, we 
have 

X'exiYdx, Yax) = sin^ 9 ■ XL(^ax, Zax), (4.6) 
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By combining (14.51) and fl4.6p . we get, by Lemma 

Ie{Yx, Yx) - I'axiYdx, lax) = sin^ 6 Z^) - I'sxiZdx, Zax)] 



On the other hand, since hmA|o^A(^) = Tn{t) and \i — ^o| < ^o^ "we may find a number 
Ao > such that 

for all A G (0, Aq). From f l4.7p and fl4.8p . we have proved this lemma. □ 

Lemma 4.5 (Key Lemma) For each A G (0, Aq), t/iere exists a number 5i := 5i(A) G 
(0,eo) snc/i i/iai, /or any p G i?£(,(r), any fimi sj^eec? geodesic C, on S^"^ emanating from 
any 6 G [0, vr], anc? any A G (0, Aq), 

^(s) < La(s) 

/ioMs /or a// s G [0,5i], and equality occurs if and only if s = 0, 9 = 0, or 9 = n. 
Here Lx{s) denotes the length of the geodesic segment Lpi^\-) = ip^^\-,s) emanating 
perpendicularly from dX\ to c\{s). 

Proof. Although the angle 9 has been fixed in the arguments above of this section, we 
consider here that 6' is a variable. Hence, we denote L(s) by L[s,9), which is a smooth 
function of two variables s and 9 and depends smoothly on p, ^(0), and ^'(0). Furthermore, 
we define the reminder term TZ{s, 9) of the Taylor expansion of L[s, 9) about s = by 

nis, 9) := L{s, 9) - |l(0, 9) + L'(0, 9)s + ^L"(0, 9)s'''^ (4.9) 

where we set 

L' (0,9) ■.= —{0,9) and L"i0,9) := ^(0,9) 
From (14. 9p . Lemma \A.2\ and the equation (14. 6 p in the proof of Lemma [4. 4[ we have 

Lis, 9) = i + scos9+'-^ ^dxiYax, Ygx) + 7^(s, 9) (4.10) 
= i + scos9 + I'exiZax, Zqx) + 7^(s, 9) (4.11) 

It is clear that 

dTZ d'^TZ 
ni0,9) = —i0,9) = ^{0,9) = 
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Hence, there exists a smooth function TZi{s,6) depending smoothly on p, ^(0), and ^'(0) 
such that 

n{s,9) =ni{s,9)s\ (4.12) 

Since _B2£o(^) nFoc(9X) = 0, the geodesic ips{ ■ ) is locally minimal for each s G (— £:i,£:i). 
Hence, we may assume that the triangle inequalities 

L{s,e) <e + s = L{s,0) (4.13) 

and 

L{s,7i-9)>£-s = L{s,7i) (4.14) 

hold for all sufficiently small |^| and all s G [0,£:i). The equations fl4.13p and fl4.14p mean 
that, for each s G (0,£i), the function L{s, ■) attains a local maximum (respectively, 
minimum) at 6' = (respectively, 6 = ir). Hence, by (14. lip and fl4.12p . 

^(».0) = ^(.,.) = (4.15) 

for each s G [0,£:i). Since 7^i(s,0) = 7?.i(s,7r) = holds on [0,£:i), we see, by f l4.15p . that 
there exists a smooth function 7^.2 (s, 9) such that 

ni{s,e) = n2{s,e)e^{TT -6)^ (4.16) 

By flil2D and fl416D . we have 

n{s,e) = n2{s,e)e\7T -e)^s\ (4.17) 

for all 9 G [0, vr] and all s G [0, ei). On the other hand, since 7^2 depends continuously on 
p, ^(0), and ^'(0), there exists a constant C2 > such that 

|7^2(s,^)| <C2 (4.18) 

holds for all p G B,,Xr), all ^ on S^J-^, all 6 G [0,7r], and all s G [0,ei/2]. Thus, by fHTTTD 
and (I4.18p . we obtain 

\n{s,e)\<C2e\n-e)''s^ (4.19) 

for all p G Bsoir), all ^ on all G [0,7r] and all s G [0,£i/2]. Combining KWf and 

(gin]), we get 

L{s, 9)<i + scose + jT'exiYdx, >ax) + C2 ^^(vr - 0)25^ (4.20) 

By applying the same argument above for Lx{s) = Lx{s, 9), there exists a constant C3 > 
such that ^ 

Lx{s, 9)>£ + scos9 + jIe{Yx, Fa) - 9^{n - 9)^3' (4.21) 
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holds for all 6 e [0, vr] and all s G [0, ei/2]. From Lemma fO0|) . and fOT]) . it follows 
that 

2 

Za(s, ^) - L{s, 9)>'- ?a) - 4xiY9x, lax) } - (C3 + C2)^^2(7r - 9fs' 



> 



> 



XCi sin^ e 



XCi sin^ ^ 



2„3 



2„3 



s"-2C4r(7r-e)"s 



holds for all 9 G [0, vr] and all s G [0,£:i/2]. Here we set C4 := max{C2,C3}. 
Since 



for all X G (0,7r/2), 
holds on (0,7r/2), and 



X TC 

sin X 2 



w = ; 



sin^ 



sm(7r-fy) 2 2 



also holds on (7r/2,7r). Hence, by and f lQIj) . we see 



on (0, tt). If we define 



jn-e) 
sine y 



then, by (g^SD, 



AG sin^ e 



> 



s ■ sm I 



s ■ sm I 



e{7i 



sm I 



(ACi - n^ds) 



> 



(4.22) 



(4.23) 



(4.24) 



(4.25) 



(4.26) 



holds for all s G [0,6i] and all 6 G (0,7r). Therefore, by ( K^ and dOB]) . the proof is 
complete. □ 



5 Thin Open Triangles 

Throughout this section, let {X,dX) denote a model surface with its metric (11. ip . 



17 



Lemma 5.1 Let jl : [0,i] — > X be a dX-segment. Then, for each 

< s < min{inj(/i(£)),£}, 
the function d{dX ,expp^(^^^{s C,{9)) is strictly increasing on [0,tt]. Here 

e:M^§;,(,) := {5 Gr^(,)X | M = 1} 
denotes a unit speed geodesic segment on S^^^^ emanating from —jl'{t) = ^(0). 
Proof. This lemma is clear from the first variation formula. □ 

The next lemma is a direct consequence of the Clairaut relation ( ^SST , Theorem 7.1.2]) 
and the first variational formula : 

Lemma 5.2 For each constant c > 0, and each point p ^ X, d{p,fc{s)) is strictly in- 
creasing on [y{p), oo). Here Tc{s) := (c, s) G X denote the arc of x = c. 

By Lemma 15.21 we have 

Lemma 5.3 Let {dX ,pi,qi) = {'yi, fi^2^) , {dX ,p2,q2) = {12, f^^2^) be open trian- 
gles in X such that ^ ^ 

didX,q,) = d{dX,P2), (5.1) 

and that 

Zqi + ZP2<7f. (5.2) 

dipi, qi) + d{p2, q2) < inj(pi), 
then there exists an open triangle {dX,p,q) such that 

d{dX,p) = d{dX,pi), d{p,q) = d{pi,qi) + d{p2,q2), d{dX , q) = d{dX , q2) , (5.3) 
and that 

Api > Zp. (5.4) 

Proof. By (15. ip . we may assume that {dX,p2, ^2) is adjacent to {dX,pi, qi) as a common 
side ji2^ = pf\ and that y{pi) < y{qi) = y{p2) < y{Q2)- Choose any number 

ae (c/(pi,gi) + c/(p2,g2),inj(pi)), 

and fix it. We will introduce geodesic polar coordinates {r,9) around pi on Ba{pi) such 
that 6* = on /ij^^ fl Ba{pi), and that Q < 6{q2) < 6{qi) < tx . Notice that 

h G Ba{pi). 

In fact, from the triangle inequality, 

d{pi, 52) < d{pi, qi) + d{qi, ^2) = d{pi, qi) + d{p2, ^2) < a. 
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Since there is nothing to prove if Zqi + Zp2 = it, we may assume, by fl5.2p . that 

Zqi + Zp2 <n. (5.5) 

Hence, 

ga e Aipi), 

where A{pi) is a domain defined by 

Let f : [y{q2), oo) — )■ X be an arc of x = x{q2) emanating from q2 = f{y{q2)) G A{pi) 
given by 

f(s) := (x(g2),s). 

By (15.51) . we get 

d{pi, f{y{q2))) < d{pi, qi) + d{qi, ^2) = d{pi, qi) + (i(p2, ^2) < a- 

Since hms_j.oo (^(pi, r(s)) = 00, it follows from the intermediate value theorem that there 
exists a number sq G {y{q2), 00) satisfying 

c^Ipi^t'I-So)) = a, 

and furthermore that there exists a number Si G (^((?2),'So) satisfying 

rf(pi, f(si)) = d{pi, qi) + (i(gi, gs) = c^(Pi, gi) + d{p2, ga)- (5.6) 

We will prove that the subarc T|[y(g2),si] is contained in A{pi). Suppose that there exists 
a number S2 G (^(g2),Si] such that 

fis2)^A{Pi). 

Since the subarc 7'|[^(g2),s2] li^s in Ba{pi), there exists S3 G (y(g2), S2] such that 

^(f (S3)) = ^(gi). (5.7) 

Since y{q2) < S3, we have, by Lemma \572\ 

diqi,q2) < d{qi,f{s3)). (5.8) 

By (15.71) . we see that the geodesic extension a : [0, (i(pi, f (S3))] — >■ X of 71 meets f at 
f(s3) = a{d{pi,f{s3))). Notice that the geodesic segment a is minimal, since 

r(s3) G BaiPl) C fiinj(pi)(pi)- 

Thus, by (15. 6p and (15. 8p . we have 

(i(pi, f(s3)) = d{pi, gi) + d{qi, f^ss)) > d{pi, gi) + d{qi, ga) = c?(pi, f(si)). (5.9) 
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On the other hand, since S3 < Si, it follows from Lemma [5.21 that 

d{pi, r(s3)) < d{pi, f (si)). (5.10) 

The equation flS.lOp contradicts the equation (15. 9p . Therefore, we have proved that the 
subarc 'r|[y(g2),si] is contained in A{pi). 

Since the minimal geodesic segment 7 : [0,d{pi,f{si))] — )■ X joining pi to f{si) lies 
in the closure of A{pi), 

^Pi>Z^7'(0),-^(c/(9X,pi)) 

holds. Hence, it is clear that the open triangle {dX,p,q) := {dX ,pi,f{si)) satisfies (15.31) 
and fl5.4D in our lemma. □ 



Hereafter, let {X, dX) be a complete connected Riemannian n-manifold X with smooth 
convex boundary dX whose radial curvature is bounded from below by that of (X, dX). 
Let Aq denote the positive number guaranteed in Lemma 14. 4[ Choose any number 

Ae (0,Ao) 

and fix it. In the following, for the A, we also denote by {Xx, dXx) a model surface with 
its metric 

gx = dx^ + mx{xYdy'^ 
on [0, 00) X M. Here the positive smooth function mx satisfies the differential equation 

ml + {G- \)mx = 

with initial conditions mx{0) = 1 and ^^(0) = 0, where G denotes the radial curvature 
function of {X,dX). Then, the next lemma is clear from Lemmas 14.51 and 15.11 : 

Lemma 5.4 Let p be a point in X\{dX UFoc{dX)) , and 6i{p) the number 61 guaranteed 
in Lemma \4TS\ to the point r : = p. Then, for any g G X with 

d{p,q) < 6i{p), 

there exists an open triangle {dXx,p,q) in Xx corresponding to the triangle {dX,p,q) in 
X such that 

d{dXx,p) = d{dX,p), d{p, q) = d{p, g), d{dXx, q) = d{dX, q) (5.11) 

and that 

Zp>Zp, Zq>Zq. (5.12) 



By Lemmas 15.31 and 15.41 we have 
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Lemma 5.5 For every thin open triangle {dX,p,q) = (7,/ii,/i2) in X with 

7 n Foc{dX) = 0, 
there exists an open triangle {dXx,p,q) in Xx such that 

d{dXx,p) = d{dX,p), d{p, q) = d{p, q), d{dXx, q) = d{dX, q) (5.13) 

and that 

Zp>Zp, Aq>Aq. (5.14) 
Proof. It is sufficient to prove that 

max 5 = (i(p, g), (5.15) 

where S denotes the set of all s G [0, d{p, q)] such that there exists an open triangle 
(9Xa,p, 7(s)) C Xx corresponding to the triangle (9X, p, 7(s)) C X satisfying (15.131) and 
(I5.14P for q = 7(s). From Lemma [5.41 it is clear that 5* is non-empty. Supposing that 

So := max S < d{p, q), 

we will get a contradiction. Since sq G S, there exists an open triangle {dXx,pi, qi) C Xx 
corresponding to {dX,p, 7(so)) C X such that (15.131) and (I5.14p hold for q = 7(so), p = pi, 
and q = qi- In particular, 

Zp>Zpi, Z(aX,7(so),p)>Zgi, (5.16) 

where Z(c)X, 7(^0), p) denotes the angle between two sides joining 7(^0) to dX and p 
forming the triangle (9X, p, 7(59)). Let ^(7(50)) denote the number 5i guaranteed in 
Lemma [4.51 to the point r := 7(^0) • Choose a sufficiently small number 

< £1 < min{5(7(so)),rf(p,g) - Sq] , 

and fix it. By Lemma [5. 4[ we have an open triangle {dXx,P2,(j2) C Xx corresponding to 
(9X, 7(so),7(so + £:i)) C X such that (15.131) and (I5.14p hold for p = 7(^0), q = 7(^0 + £1), 
p = P2, and q = q2- In particular, 

Z(9X,7(so), 7(^0 + ^1)) > ^P2, Z7(so + £i) > Zg2. (5.17) 

Since 

Z {dX, 7(so), p) + Z {dX, 7(50), 7(so + £1)) = vr, 
we get, by (15161) and ([5J7D . 

Zgi + Zp2 < TT. 
Since {dX, p, q) is a thin open triangle, 

min{inj(pi),inj(g2)} > ^(7) > d{pi,qi) + ^(^2,^2) 
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holds. Thus, if we apply Lemma [573] twice for the pair {dXx,Pi,qi) and {dXx,P2,<l2), we 
get two open triangles {dXx,p,^{so + ei)) and {dXx,p,^{so + ei)) in Xx such that 

Zpi>Zp, Zq2>Z^{so + ei). (5.18) 

Since both triangles (9Xa,p, 7(so + and {dXx,p,^{so + ei)) are isometric, we obtain 

Zp = Zp. (5.19) 

Hence, by fl5.16p . fl5.17p . f l5.18p . and fl5.19p . both open triangles ((9X,p, 7(^0 +£^1)) and 
{dXx,p,^{so + El)) satisfy (15.131) for q = 7(so + ^i) and q = 7(59 + ^i) and 

Zp>Zp, Z-f{so + El) > Z^{so + El). 

This implies that 

So + G S. 

This contradicts the fact that Sq is the maximum of S. Hence (15.150 holds. □ 
Lemma 5.6 For every thin open triangle {dX,p,q) = (7,/xi,/X2) in X with 

p^Foc{dX), (5.20) 
there exists an open triangle {dXx,p,q) in Xx such that 

d{dXx,p) = d{dX,p), d{p, q) = d{p, g), d{dXx, q) = d{dX, q) (5.21) 

and that 

Zp>Zp, Zq>Zq. (5.22) 

Proof. Let {dX,p,q) = (7,/ii,/i2) be a thin open triangle in X satisfying (I5.20p . and 
we fix it. Since p is not a focal point of dX, and q is not a cut point of p, it follows 
from Lemma 1X51 that there exists a sequence {•ji : [0,£j] — y X}^^^ of minimal geodesic 
segments 7^ emanating from p = 7i(0) convergent to the opposite side 7 of {dX,p,q) to 
dX such that 

7,([O,£,])nFC(9X) = 0, 

and that 

lim ^ ,,,,„ exp;^(7.(£.)) = -I'ii) 



00 II exp i(7i(£j 



where £ := d{p, q). Then, we may find a sufficiently large ^ N such that {dX,p, = 
{"fi, fii,rii) is a thin open triangle in X for each i > i^. Here each r]i is a 9X-segment to 
'^i{C,i). Choose any i > io and fix it. By Lemma 15.51 there exists an open triangle 
{dXx,p,^i{ii)) = {'ji, p,i,fii) C Xx corresponding to (9X, p, 7j(£j)) such that (15.130 hold 
for g = 7j(£j), and 

Z(Vi(rf(5^,p)),7:(0)) > Zi-jl'MdX,p)),^'M), (5.23) 

z(r/:(d(9x,7,(£,))),7:(£.)) > z{fj'Mdx,^,{m,^:{i,)). (5.24) 
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Since limj^oo 7i(0) = 7'(0), 

= lim Z{-fx[ididX,p)),yM)- (5.25) 

On the other hand, 

Zq> \imsnpZ{r]i{d{dX,^,m),^[m (5.26) 

i—^oo 

holds by [UHl Lemma 2.1]. Then, from (Km . ([521, (ESSD, (K26\> . it follows that 

Zp> lim Zi-fx[{d{dX,p)),^i{0)) 

and that 



q>limZ{f]'MdX,^,{i,))),^m) 

t—¥00 



By taking the limit of the sequence {dXx,p, 7j(^j)) = (7j, yUi, ??«), we therefore get an open 
triangle {dXx,p,q) = (7,/ii,/i2) C Xx corresponding to {dX,p,q) C X such that (15.211) 
and (K22^ hold. □ 

Lemma 5.7 For every t/im open triangle {dX,p,q) = (7,/xi,/i2) in X, there exists an 
open triangle {dXx,p,q) in Xx such that 

d{dXx,p) = d{dX,p), d{p, q) = d{p, q), d{dXx, q) = d{dX, q) (5.27) 

and that 

Zp>Zp, Zq>Zq. (5.28) 

Proof. Take any sufficiently small e > such that 

q ^ Cnt{pe), 

where we set p^ ■= fii{d{dX , p) — e). Let fi^ denote the restriction of /xi, i.e., 

f^e{t) ■■= fii{t) 

on [0,d{dX,p) — e]. Without loss of generality, we may assume that the open triangle 
{dX,Ps,q) = (7£,/ie,/i2) is thin. Here 7^ : [0,is] — > X denotes the minimal geodesic 
segment emanating from = 7^(0) to g = 7£(^e). Since Pe ^ Foc((9X), it follows from 
Lemma [531 that there exists an open triangle {dXx.PeA) = {le, fi'e, P'2) C Xx correspond- 
ing to {dX,pe, q) such that (I5.2ip holds for p = p^, and that 



zi-fi'Mdx,Pe)),j'M) > z{-fi'Mdx,Ps)),i'M) 

ZMd{dX,q)),^'M) > Ai^2id{dX,q)),^UQ). 
Since lim^j^o 7£ = 7, we have 



and 



Zp = \imZ{~f,'MdX,Ps)),l'M) 



Zq = \imZ{f,'MdX,q)),^UQ)- 



If e goes to 0, we therefore get an open triangle {dXx,p, q) = (7, /xi, fJ>2) C Xx correspond- 
ing to {dX,p, q) C X such that (15:771) and (Km hold. □ 
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By taking the limit of A, it follows from Lemma [5.71 that we have the lemma on thin 
open triangles : 

Lemma 5.8 (Lemma on Thin Open Triangles) For every thin open triangle {dX,p, q) 
in X, there exists an open triangle {dX,p,q) in X such that 

d{dX,p) = d{dX,p), d{p, q) = d{p, g), d{dX, q) = d{dX, q) (5.29) 

and that 

Ap>Ap, Zq>Zq. (5.30) 

Remark 5.9 From Section H] and this section, it has been clarified that we can prove 
Lemma on Thin Open Triangles by the second variation formula and the Warner compar- 
ison theorem. But, we can not do by the first variation formula and the Berger comparison 
theorem. 

6 The Opposite Side to dX of an Open Triangle 

In Definition 12. ![ the opposite side to dX of a thin open triangle is defined not to meet 
the boundary. In this section, we will show that the opposite side to dX of any open 
triangle on any complete connected Riemannian manifold X with smooth boundary dX 
does not meet dX, if dX is convex. 

Lemma 6.1 Let {X, dX) be a complete connected Riemannian n-dimensional manifold X 
with smooth boundary dX whose radial curvature is bounded from below by that of a model 
surface {X,dX). If dX is convex, then, for any open triangle {dX,p,q) = (7,/ii,/i2) in 
X , 7 does not meet dX . 

Proof. Suppose that 7 intersects dX at 7(^0) for some sq G {0,d{p,q)). Without loss of 
generality, we may assume that 

7((O,So))n9X = 0. 

Since 7 intersects dX at 7(59), 7 is tangent to dX at 7(so). 

It is well-known that each point of X admits a normal convex neighborhood. Hence, 
there exists a constant Co > such that 

inj(gs) > Co 

for all s G [0, sq], where denotes a point in X satisfying 

d{dX,qs) = d{dX,^{s)). 
By this property, we may choose a number si G (0, sq) in such a way that 

Hl\[si,so]) = So - Si < inj(g,) 
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for all s e [si,So]. Therefore, for each S2 G [si,So), any open triangle 7(52), 7(33)) in 
X is thin, if S3 G [si, Sq) \ {^2} is sufficiently close to S2. 

Let S denote the set of all s G (si,So) such that there exists an open triangle 
7(si), 7(5)) C X corresponding to the triangle 7(51), 7(5)) C X satisfying 

d{dX,^is,)) = d{dX,^is,)), rf(7(si),7(s))=s-si, didX,^is)) = didX,^is)), (6.1) 
and that 

Z7(si) > Z7(si), Z7(s)>Z7(s). (6.2) 



By Lemma 15.81 the set S is non-empty. By the similar argument in the proof of Lemma 
we see that 

sup S = Sq. 

Hence, there exists a decreasing sequence {ejjjgN convergent to such that 

So — Ei G S 

for all 2 G N. For each i G N, there exists an open triangle (9X, 7(51), 7(50 — £«)) C X 
corresponding to the triangle (9X, 7(51), 7(so — £«)) C X such that (16. ip and (16.21) hold 
for 7(5) = 7(so — Bi). Since 7 is tangent to dX at 7(^0), 

limZ7(s) = ^ 
Thus, by (16. 2 p for 7(3) = 7(^0 — £»), we get 

TT 

limsupZ7(so -£«)<- 

If 

TT 

liminf Z7(so - ^i) < - 

holds, the opposite side to dX of (5X, 7(51), 7(59 — £«)) meets dX for some S2 G (si,So) 
sufficiently close to Sq, which contradicts the fact that dX is totally geodesic. Hence, 

TT 

lim Z7(so -£*) = - 

holds. Thus, the opposite side to dX of the limit open triangle (9X, 7(51), 7(^0 — £«)) 
as i — )■ 00 is tangent to dX. This is also a contradiction, since dX is totally geodesic. 
Therefore, 7 does not meet dX. □ 

By the same argument in the proof of [KT21 Lemma 5.1], we have that 

Lemma 6.2 For any complete connected Riemannian manifold X with smooth boundary 
dX, there exists a locally Lipschitz function G{t) on [0, 00) such that the radial curvature 
of X is bounded from below by that of the model surface with radial curvature function 
Git). 

It is clear from Lemmas 16.11 and 16.21 that 

Proposition 6.3 Let X be a complete connected Riemannian manifold X with smooth 
boundary dX. If dX is convex, then the opposite side to dX of any open triangle on X 
does not meet dX. 
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7 Alexandrov's Convexity 



Our purpose of this section is to establish the Alexandrov convexity (Lemma 17. 3p . In the 
proof of Lemma 17.31 we may understand that it is a very important property that the 
opposite side of an open triangle to the boundary in a model surface is unique (i.e., we 
can not prove the equation fl7.17p in the proof of Lemma [7.31 without this property). 

In order to prove Lemma I7.3[ we have to treat a non-differentiable Lipschitz function. 
It follows from Dini's theorem ([D]) that, for any Lipschitz function / on [a,b], f is 
different iable almost everywhere, and 

f fit)dt = f{b)-fia) 

J a 

holds. Note that the Cantor-Lebesgue function g on [0, 1] is differentiable almost every- 
where, but 

0= / g'{t)dt<g{l)-g{0) = l 
Jo 

Cohn-Vossen applied in |CV1] and |CV2] these properties above to global differential 
geometry. 

Throughout this section, let {X,dX) denote a model surface with its metric (11. ip . 
It follows from Lemma 15.21 that 

lim dip,fcis))-d{p,f,{so)) ^ ^ .^^ 

siso S — Sq 

for each sq > y{p). The following two lemmas are useful for proving that the function 
V defined in Lemma 17.31 is locally Lipschitz. In the first lemma, we will prove that the 
left-hand term of the equation (17.11) is strictly positive : 

Lemma 7.1 For each dX-ray fl : [0, oo) — )■ X and each number qq, cq > 0, sq > y(/i(0)), 
there exist numbers ei > and 6 > such that 

\d{fi{a),fc{s)) - d{fi{a),fc{so))\ > \s - so\ ■ m{c) ■ sinei (7.2) 

holds for all a G {oq — 6,ao + 6), c G (cq — 6,co + 6), and s G (sq — 6, sq + 6). 

Proof. We choose a positive number 6 less than 

min{ao,co,so - y(/i(0))}, 

and fix it. Let a, c, s be any numbers in (ao — 6,ao + 6), (cq — 5, cq + 5), and (sq — 6,so + 6), 
respectively. Since no minimal geodesic segment joining /i(a) to fc(s) is perpendicular to 
fc, there exists a positive number ei G (0,7r/2) such that 

$(7, s) := Z{f'M,l'{d{j2{a), Us)))) < ^ - (7.3) 
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holds for all a G {a^ — 6,aQ + 6) c & (cq — 6,Co + 6), s G (sq — S, Sq + 6), and minimal 
geodesic segments 7 joining fi{a) to fc{s). By |IT3t Lemma 2.1] and f l7.3p that, 

hm inf ma)Ms))-d{~MMs^ ^ ^.^ 
s4^o «(Tc(s),rc(so)) 

This equation implies f l7.2p (See the proof of |KT2| Lemma 4.2] about the detail of this 
proof). □ 

Notice that, for given a triple (a, b, c) of positive numbers a, b, c, there exists an open 
triangle {dX,p,q) = (7,/ii,/i2) in X with Zp,Zq G (0, vr) satisfying a = d{dX,p), 
b = d{p, q), and c = (i((9X, g) if and only if 

(a, b,c) eT := {(a, 6, c) G | a, c> 0, |a - c| < 6}. 

By Lemma E21 the existence of such a triangle {dX,p,q) = (7,/ii,/i2) is unique up to an 
isometry except for the opposite side 7 to dX . Hence, 

e{a,b,c) := \y{fi,{0))-yihm\ 

is a well-defined function on the set T. 

Lemma 7.2 The function Q{a,b,c) is locally Lipschitz. 

Proof. Choose any point (ao, bo, cq) G T, and fix it. Let fii : [0, 00) — )■ X be the SX-ray 
with y(/ii(0)) = 0. Moreover, we choose the dX-raj jl2 : [0, 00) — > X in such a way that 

(i(/ii(ao), /i2(co)) = &o 

and ^(/i2(0)) > 0. By setting pq := /ii(ao) and go /i2(co), we hence get an open triangle 
{dX,pQ,%) C X with Zpo,Zqo G (0,7r) satisfying 

ao = d{dX,po), bo = d{po,qo), co = d{dX,qo). 
First we will prove that 

|e(ao + Aa,6o,Co) -e(ao,&o,Co)| < . . |Aa| (7.4) 

m(co) sm^i 

for all Aa G M with | Aa| < 6. Here the numbers 61 and 5 are the constants guaranteed to 
ao, Cq, and Sq := y(/i2(0)) > in Lemma ITTTl Let fcj, : R — > X be the arc x = Cq. Then, 
we may find a point q^a on satisfying 

bo = d{pAa,qAa), 

where pAa '■= Aii(oo + Aa). Thus, we also get an open triangle (<9X,pAa, Q^Aa) C X with 
ZpAa,^gAa ^ (0, tt) Satisfying 

ao + Aa = d{dX,pAa), bo = d{pAa, qAa), Co = d{dX, q^a)- 
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Let /iAa denote the side of (<9X,pAa, Q^Aa) joining dX to gAa- By definition, 

6(ao + Aa, 60, co) = y{fiAa{0)), (7.5) 

and 

e(ao, 60, Co) = y(/i2(0)) = So- (7.6) 
Here we may assume that y(/iAa(0)) > 0. It is clear from (17. 5|) and (17. 6|) that 

|A,e| = |y(/iAa(0))-so|, (7.7) 

where we set 

AaQ := 6(ao + Aa, 60, Co) - 0(ao, &o, Cq)- 
Thus, by (17. 7p . the length |As| of the subarc of fcg with end points gAa and go is equal to 

|As| = m(co) ■ |y(/iAa(0)) - Sol = m(co) ■ |Aa6|. (7.8) 

It follows from Lemma 17.11 and (17.81) that 

\d{po,qo) - d{po,qAa)\ > \so - y(/iAa(0))| ■ m(co) ■ sinei = |As| sin^i. (7.9) 

Since 

bo = d{po, go) = d{pAa, QAa), 

we get, by (17^ . 

\dipAa,qAa) - d{po, QAa)] > |As|sin£i. (7.10) 

By the triangle inequality, 

|Aa| = d{po,pAa) > \dipAa,qAa) -d{po,qAa)\- (7.11) 

By combining the equations (17.81) . (I7.10p . and (17. lip , we obtain (I7.4p . Since 9(a,6, c) = 
0(c, b, a) for all (a, b, c) e T, it is clear that 

|G(ao,6o,co + Ac) -e(ao,6o,co)| < , ^ . |Ac| (7.12) 

m(co)sm£:i 

for all Ac G M with | Ac| < S. We omit the proof of the following equation, since the proof 
is similar to that of (17. 4p : 

|e(ao,feo + A6,Co)-e(ao,&o,Co)| < —r^. |A6| (7.13) 

m(coj smei 

for all Ab G M with \Ab\ < 6. Therefore, the function Q{a,b,c) is locally Lipschitz at 
(ao, bo, Co) G T by dZaD, ([7121), and fTm]) . □ 

Lemma 7.3 (Alexandrov's Convexity for Open Triangles) 

Let {X, dX) be a complete connected Riemannian n- dimensional manifold X with 
smooth convex boundary dX whose radial curvature is bounded from below by that of 
{X,dX), and let {dX,p,q) = (7,/xi,/i2) be a non- degenerate open triangle in X, i.e., 

Ap,Aq^ (0,7r). 
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Assume that, for each open triangle 

{dX,ni{at),H2{ct)) = (7t,/ii|[o,at],/i2|[o,rf]), (0,1], 
where a = d{dX,p) and c = d{dX,q), there exists a unique open triangle 

{dX,ji(\at),jxf{ct)) = {^t,fj'?\[o,at],fi?\[o,ct]) 
up to an isometry in X such that 

d{dX,j2f\at)) = d{dX,fii{at)), d{dX , fif [ct)) = rf((9X, /i2(ct)), (7.14) 
d{jlf\at) , jl2\ct)) = d{fii{at) , fi2{ct)) , (7-15) 

and that 

Z^i(at) > Zjl^^\at), Z^2{ct) > ^lif{ct). (7.16) 

Then, the function 

is locally Lipschitz on (0, 1), and non-increasing on (0, 1]. 

Proof. We will state the outline of the proof, since the proof is very similar to |KT2t 
Lemma 4.4]. If we define a Lipschitz function ip on [0, 1] by 

Lp{t) := d{fii{at),fi2{ct)), 

then, the function T>(t) is equal to 9(at, (p{t), at). Hence ©(t) is locally Lipschitz on (0, 1] 
by Lemma [7.21 From Dini's theorem |D] (cf. [HI Section 2.3], |WZ[ Theorem 7.29]), the 
function T>{t) is differentiable for almost all t G (0,1). Let to ^ (0,1) be any number 
where T>{t) is differentiable. Then, by the assumption, we have an open triangle 

idX,jlt'\ato),fx?\cto)) = (7io>M*''^l[o,ato],/i?^l[o,cto]) C X 
corresponding to the triangle 

{dX,fii{ato),fl2{cto)) = {-fto,fJ'l\lO,ato],fJ'2\lO,cto]) C X 

such that f l7.14p . f l7.15p . and f l7.16p hold. Since (9X, /xi(ato), /^2(cto)) is non-degenerate, 
we may assume, without loss of generality, that 

= yifif'\ato))<y{fii''\cto)). 

Let jl, fj : [0, oo) — )■ X be dX-x&ys passing through fi^^°\atQ) = /i(ato), fi'2°\(^'to) = vido), 
respectively. We define a function 

ip(t) := d{jl{at),fj{ct)). 

Since -^to is unique, we may prove that the function ipit) is differentiable at t = to; and 
that ^ 

^'(to) = cos(Z/iS*"Vio)) + cos(Z/i^*"^(cto)). (7.17) 
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Indeed, let Zq and Zt denote the midpoint of 7t(, and fi{at)ri{ct), respectively. Here, 
jl{at)fi{ct) denotes a minimal geodesic segment joining jl{at) to fj{ct). Since there ex- 
ists a unique minimal geodesic segment joining jj,f°\ato) = j2{ato) to /i2*"''(cto) = v{cto), 

lim Zt = Zq (7-18) 

holds. By the triangle inequality, we have 

^(t) - i){to) < d{fl{at), zo) + d{fj{ct), Zq) - d{fl{ato), zq) - d{fi{cto), zq) 

and 

^{t) - ijj{to) > d{fl{at), Zt) + d{f]{ct), Zt) - d{fl{ato), Zt) - d{fi{cto), Zt). 

Hence, 

lim sup 

4*0 ^ ~ ^0 

d{fj,{at),zo) - d{fi{ato),zo) d{fi{ct), zq) - d{f]{cto), zq) 

<limsup hlimsup (7.19) 

4*0 t — to tito t — to 

and 

liminfM^ 

4*0 t — to 

> difiiat),zt)-d{fi{ato),zt) ^ ^.^ .^^ d{fi{ct), zt) - d{fi{cto), zt) ^g) 

*4-*o t — to *~l-*o t — to 

hold. From the first variation formula, we have 

r d{fi{at),zo) - d{fi{ato) , Zo) (/~{to)(.\\ 

limsup = cos(ZyU^ ^(atoj) ('■21) 

*4.*o t — to 



and 



r d{f]{ct),2o) - d{fi{cto),Zo) (/~{to)(.\\ /v oo^ 

limsup = cos(Z/i2 (ctoj) (7.22) 

*i*o ^ — ^0 

By imitating the proof of [IT31 Lemma 2.1], we obtain 

.^^ d{~^{at)rzt)-d{~^{ato)rzt) ^ ^^^^^ -(*o)(^,^)) ^7 23) 

*i*o t — to 

and 

hminf mct)rz.)-d{fl{cto)rzt) ^ ^^^^^ ^4) 
*4-*o t — to 

In the above equations, notice fTTTg]) . Combining dHH]), (OH]), (IZ2I]), (IZ23), (Ol, and 
( 17:2^1) . we have 

VK^zilM = ~(to)(^^^)) ^ cos(Z/iJ"^(cto)) (7.25) 

*^*o t — to 
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By the same way, we also see 

lim ^^^^ ""^^^"^ = cos(Z }if'\ato)) + cos(Z#)(cto)) (7.26) 

it*0 t — to 

From (17.251) and (17.261) . we hence get (17.171) . As well as above, since ip is differentiable at 
t = to, we also get 

ip'(to) = cos(Z/ii(ato)) + cos(Z/i2(cto))- (7.27) 
By dUSD, fTTTTl) . and ([72ZD, we get 

Hence, we conclude that V'{to) < (see the proof of |KT2l Lemma 4.4]). Thus, 

V'{t) < 

for almost all t G (0,1). This implies that T>{t) is non-increasing, since 'D{t) is locally 
Lipschitz. □ 

Remark 7.4 As pointed out in |KT2t Remark 4.5], it is a very important property that 
'D(t) is locally Lipschitz. Without this property, we can not conclude that 'D{t) is non- 
increasing. 

8 Toponogov's Comparison Theorem 

Our purpose of this section is to prove our main theorem, i.e., the Toponogov comparison 
theorem for open triangles (Theorem 18. 4p . by using new techniques established in |KT2 



Section 4] and Lemmas 15. 8[ 15. 2[ and 17.31 

Throughout this section, let {X,dX) denote a model surface with its metric (II. ip . 

Lemma 8.1 Let {dX ,pi,qi) = {ji, fi^^) , {dX ,p2,q2) = {12, f^^2 ^) be open trian- 
gles in X such that 

d{dXAi) = d{dX,p2), (8.1) 

and that 

Zqi + Zp2<n. (8.2) 

If there exists an open triangle {dX,p,q) = (7,/ii,/i2) in a sector X [9 q), which has no 
pair of cut points, satisfying 

d{dX,p) = d{dX,pi), d{p, q) = d{pi, qi) + d{p2, ^2), d{dX, q) = d{dX, gs), (8.3) 

then 

Zpi > Zp, Z g2 > Z g. 
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Proof. By (18. ip . we may assume that {dX,p2, 52) is adjacent to {dX,pi, qi) so as to have 
a common side j2^2^ = \ i.e., qi = p2- We may also assume that 

= y{Pi) < y{qi) = y{p2) < y{q2)- 

Furthermore, we may assume that 

p = Pi and y{q) > 0. 

Remark that pi = p^^K If Zqi + Zp2 = tt holds, then there is nothing to prove. Thus, 
by (18.21) . we may assume that 

Zqi + Zp2 < 7T. 

Hence, from the triangle inequality and (18.31) . we see 

diPi, h) < d{p, q) = d{pi, q). (8.4) 
Since q G X[9q), it follows from Lemma [5.21 and (18.41) that 

y{Q2) < y{q) < Oq. 

Thus, 72 lies in X{9q). Since X{9q) has no pair of cut points, the geodesic extension 
a of 7i does not intersect the side 72 except for qi. We will prove that a does not 
intersect ^"([^(^2), ^(o')]), where f denotes f{t) := {x{q2),t) € X. Suppose that a intersect 
f([y(q'2), ^(f?)]) at a point cr(so). From Lemma 15^ we have 

d{qi,q2) < d{qi,a{so)). (8.5) 

Notice that a(so) 7^ ^2, since 72 does not meet a except for qi. Thus, by (18. 3p and (18.51) . 

diPu q) < d{pu qi) + d{qu cr(so)) = d{pu a{so)). 

Hence, by applying Lemma [5.21 again, we get 

y{q) < y(^(so))- 

This is impossible, since 

a{so) G f{{y{q2),y{q)]). 

Therefore, we have proved that a does not intersect f{[y{q2),y{q)]). 

If the extension a intersects dX at a point cr(si) in X{6o), then we denote by A{6q) 
the domain bounded by pi and a([0,si]). If a does not intersect dX in ^(^o), then a 
intersects the dX-Taj y = 6*0 at a point a{s2)- In this case, A{6o) denotes the domain 
bounded by pi, a{[0,S2]), and the c^X-segment to cr(s2). By the argument above, the 
point q lies in the domain A{9o). Hence, the opposite side 7 of {dX,p,q) to dX must 
lie in the closure of ^(6^0), since X{9o) has no pair of cut points. In particular, it is now 
clear that 

Zpi > Zp. 

By repeating the same argument above for the pair of open triangles {dX ,q2,p2) and 
{dX ,qi,pi), we also get Zq2> Zq. □ 



32 



From now on, we denote by (X, dX) a complete connected Riemannian n-dimensional 
manifold X with smooth convex boundary dX whose radial curvature is bounded from 
below by that of (X, dX). 

Lemma 8.2 // an open triangle {dX,p,q) = (7,/ii,yU2) i'^ X admits an open triangle 
{dX,p,q) = (7,/ii,/i2) in a sector X {9 o) satisfying 

d{dX,p) = d{dX,p), d{p,q) = d{p,q), d{dX,q) = d{dX,q), (8.6) 

then, for any s G (0, d{p, q)), there exists an open triangle {dX,p, 7(s)) in X{6o) satisfying 
J7^) for q = a{s) and q = cr(s). 



Proof. It is clear from Lemmas 15.81 and I5.2[ See also the proof of |KT2^ Lemma 4.9]. □ 

Proposition 8.3 Let {dX,p,q) = (7,/ii,/i2) be an open triangle in X . Then, there exists 
an open triangle {dX,p,q) = (7,/ii,/i2) in X satisfying 

d{dX,p) = d{dX,p), d{p,q) = d{p,q), d{dX,q) = d{dX,q). (8.7) 

Furthermore, if the {dX,p,q) lies in a sector X{6q) , which has no pair of cut points, then 

Zp>Zp, Zq>Zq. (8.8) 

Proof. Since fii (respectively ^2) is the dX-segment to p (respectively to q), we obtain 

c < a + b, a <b + c. 

Here we set a := d{dX,p), b := d{p, q), and c := d{dX, q). Hence, we have 

|a — c| < b. 

Choose any point p E X satisfying d{dX,p) = a, and fix the point. Since the function 

d{p,fc{s)) = \a-c\ 

at s = y{p) and 

lim d{p, fc{s)) = 00, 
we may find a number sq > y{p) such that 

dip,n{so)) = b. 

Here fc denotes the arc x = c, i.e., fc{s) = (c, s) G X. Putting q := fc(so), we therefore 
find a triangle {dX,p,q) satisfying (18. 7p . 

Hereafter, we assume that the {dX,p, q) lies in the sector X{6q). Let S be the set of all 
s G (0, d{p, q)) such that there exists an open triangle {dX,p, 7(s)) C X{Oq) corresponding 
to the triangle (9X,p, 7(5)) C X satisfying (18.71) and (18. 8p for q = 7(5) and q = 7(5). 
Since {dX,p,'j{6)) C X is a thin open triangle in X for any sufficiently small e > 0, it 
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follows from Lemma 15.81 that S is non-empty. Since there is nothing to prove in the case 
where sup 5 = d{p, q), we then suppose that 

Si := sup 5* < d{p, q). 

Since Si G S", there exists an open triangle (9X,pi,gi) C X{6q) corresponding to the 
triangle p, 7(si)) C X such that fl8.7p and (18.81) hold for q = 7(si), p = pi, and q = qi. 
Choose any ei G {0,d{p,q) — si) in such a way that the open triangle 7(51), 7(^1 + 
El)) C X is thin. From Lemma 15.81 there exists an open triangle {dX,p2,q2) C X 
corresponding to the 7(51), 7(si + Si)) C X such that (18.71) and (18.81) hold for p = 
7('Si), q = 7(si + £1), p = P2, and q = q2- It is clear that the pair of open triangles 
{dX ,pi,qi) and {dX ,p2,q2) satisfy (18.11) and (18. 2p in Lemma ISTTl For this pair, it is clear 
from Lemma 18721 that there exists an open triangle {dX,p,q) C X{9q) such that (18.31) 
holds for p = p and q = q. This implies that si + £1 G 5*. This therefore contradicts the 
fact that si = sup 5*. □ 

Theorem 8.4 (Toponogov's Comparison Theorem for Open Triangles) 

Let {X, dX) be a complete connected Riemannian n-dimensional manifold X with smooth 
convex boundary dX whose radial curvature is bounded from below by that of a model 
surface {X,dX) with its metric M.l\) . Assume that X admits a sector X {6 q) which has 
no pair of cut points. Then, for every open triangle {dX,p, q) = (7, /ii, /i2) in X with 

rf(/ii(0),/i2(0)) <0o, 

there exists an open triangle {dX,p,q) = (7,/ii,/i2) in X{6o) such that 

d{dX,p) = d{dX,p), d{p,q) = d{p,q), d{dX,q) = d{dX,q) (8.9) 

and that 

Zp>Zp, ^q>^q, c?(/ii(0),/i2(0)) > rf(/2i(0),/i2(0)). (8.10) 
Furthermore, if 

Ci(/il(0),/i2(0)) =rf(/ii(0),/i2(0)) 

holds, then 

Zp = Zp, Zq = Zq 

hold. 

Proof. Since the claim of our theorem is trivial for degenerate open triangles, we assume 
that the open triangle {dX,p,q) is not degenerate. Here, we make use of the same 
notations used in Lemma 17.31 and its proof. 

Applying the triangle inequality to the open triangle {dX , fii{at) , fi2{ct)) C X, we see 

ifit) - (a + c)t < rf(/xi(0), /i2(0)) < ip{t) + (a + c)t (8.11) 

for all t G (0, 1], where a := d{dX,p), c := d{dX,q), and (p(t) := d{fii{at) , fi2{ct)) ■ By the 
first assertion of Proposition 18. 3^ for each t G (0, 1], we may find an open triangle 

{dX,jxl\at),fif{ct)) = {^t,fi?\io,at],f^?\io,ct]) CX 
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which has the same side lengths as the {dX , jji{at) , jj2{ct)) . Thus, as well as f lS.lip . we 
see 

ifit) - {a + c)t < d{fj.f\0),jl'i\0)) < ip{t) + (a + c)t (8.12) 
for all t G (0, 1]. From fl8TT]l and f l812|l . we obtain 

ci(/ii(0),/i2(0)) -2(a + c)t < d{jlf\0),jl^^\0)) < d(/ii(0),/i2(0)) + 2(a + c)t (8.13) 

for all t G (0,1]. Since (i(/ii(0), /i2(0)) < 6*0, it follows from fl8.13p that there exists a 
number £i > such that 

d{il?{Q),il?m<Oo (8.14) 

holds on (0,£:i). Hence, 

{dX,jlf\at),j2^\ct)) cXiOo) (8.15) 



for each t G (0,£i). By the second assertion of Proposition 18. 3[ we get 

Zfii{at) > Z/if^(at), Zfi2{ct) > ^fifict) (8.16) 

for each t G (0,£:i). Since X{0o) has no pair of cut points, it follows from (18.151) that the 
opposite side 7* of {dX , jlf\at) , jl2\ct)) to dX is unique for all t G (0,£i). From Lemma 
17.31 and fl8.14p . it follows that the function T>{t) = d{flf\o) , fi2\o)) is non-increasing on 
(0,£i) and I^(t) < Oq holds on (0,ei). Thus, we finally see that 'D{t) is non-increasing on 
(0, 1], Vit) < 9q holds on (0, 1], and fl8.16p holds on (0, 1]. In particular, setting 

idX,p,q) = (7,/ii,/i2) := {dX,ft^i\a),fii'\c))cXieo), 

we get 

Zp>Zp, Zq>Zq. (8.17) 

Moreover, by flST^ . 

V{t) = d(/if)(0),/if (0)) < d(/ii(0),/i2(0)) + 2(a + c)t (8.18) 
holds on (0, 1]. Since T'(t) is non-increasing on (0, 1], we have, by fl8.18p . 

V{1) = rf(/ii(0), /i2(0)) < rf(/ii(0), /i2(0)) + 2(a + c)t 
on (0, 1]. Hence we get 

d(/ii(0), /i2(0)) > d(/ii(0), /i2(0)). (8.19) 

By fl8.17p and (18.191) . the open triangle {dX,p,q) is therefore an open triangle satisfying 
conditions (gM) and flSlUj) . 
Assume that 

Ci(/Xl(0),/X2(0)) = Ci(/ii(0),/i2(0)) = V{1) 

holds. By 

V{t) < 2{a + c)t + V{l) 

holds on (0, 1]. Thus, we get 

limP(t) < V(l). 

40 

Hence, T>{t) must be constant on (0, 1], since T>{t) is non- increasing on (0, 1]. From the 
proof of Lemma [731 it follows that Z j^i{at) = Zji(\at) and Z jj,2{ct) = Zfl2\ct) hold 
on (0, 1]. In particular, we obtain Zp = Zp and Zq = Zq. □ 
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9 Generalized Open Triangles 

In the following, we will prove the Toponogov comparison theorem for open triangles in 
a weak form (Proposition 19. 2p . where we do not demand any assumption on a sector. 

We first define generalized open triangles in a model surface : 

Definition 9.1 (Generalized Open Triangles) A generalized open triangle 

{dX,p,q) = (7,/ii,/22) 

in a model surface (X, dX) is defined by two c^X-segments Jii : [0, ii] — > X, i = 1, 2, and 
a geodesic segment 7 emanating from p to g such that 

/ii(^i) = 7(0) = P, h{^2) = l{d{p, q)) = q, 

and that 7 is a shortest arc joining pto g in the compact domain bounded by Jli, /i2, and 
7- 

Using Lemma EHl we may prove the Toponogov comparison theorem for open triangles 
in a weak form : 

Proposition 9.2 Let {X, dX) be a complete connected Riemannian n- dimensional man- 
ifold X with smooth convex boundary dX whose radial curvature is bounded from below 
by that of a model surface {X, dX). Then, for every open triangle {dX,p, q) = (7, /ii, (12) 
in X, there exists a generalized open triangle {dX,p,q) = (7, /ii,/i2) in X such that 

d{dX,p) = d{dX,p), d{dX,q) = d{dX,q), (9.1) 

and 

d{dX,q) - d{dX,p) <dip,q)<Li^)< d{p,q), (9.2) 

and that 

Zp>Zp, Aq>Aq. (9.3) 
Here L{^) denotes the length of^. 

Proof. Let Sq := < Si < ■■■ < Sk-i < Sk '■= d{p,q) be a subdivision of [0,d{p,q)] 
such that, for each z G {1, . . . , k}, the open triangle {dX, 7(si_i), 7(5^)) is thin. It follows 
from Lemma [5.81 that, for each triangle (9X, 7(sj_i), 7(5^)), there exists an open triangle 
Aj := (9X, 7(si_i), 7(sj)) in X such that 

d(aX,7(s,_i)) = rf(9X,7(s,_i)), (9.4) 
c?(7(si-i), 7(si)) = c/(7(si_i), 7(si)), (9.5) 
d{dX,^{s,))=d{dX,j{s,)), (9.6) 
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and that 



Z(aX, 7(s,_i), 7(s.)) > Z(9X, 7(s.-i), 7(s^)), (9.7) 

Z{dX, 7(s,), 7(s.-i)) > Z{dX, 7(s,), 7(s._i)). (9.8) 

Here /(SX, 7(sj_i), 7(5^)) denotes the angle between two sides joining 7(sj_i) to dX 
and 7(sj) forming the triangle (9X, 7(si_i), 7(5,)). Under this situation, draw Ai = 
{dX,p,^{si)) in X satisfying ([9l5D, ([921), (I92|, (USD for i = 1. Inductively, we 

draw an open triangle Aj+i = ((9X, 7(sj), 7(si+i)) in X, which is adjacent to Aj so as to 
have the 9X-segment to 7(sj) as a common side. Since 

Z((9X,7(si),7(si_i)) + Z(9X,7(si),7(si+i)) = tt, 

for each i = 1,2, ... , — 1, we get, by (19.71) and (19.81) . 

Z{dX, 7(s,), 7(s._i)) + Z{dX, 7(s,), 7(sm)) < ^ (9-9) 

and 

Zp > Z(9X,7(so),7(si)), Zq> Z{dX,%s,),%s,.,)). (9.10) 

Then, we get a domain V bounded by two 9X-segments JIq, Jlk to 7(^0), 7(sfc), respectively, 
and rj, where rj denotes the broken geodesic consisting of the opposite sides of Aj {i = 
1, 2, . . . , fc) to dX. Since the domain V is locally convex by (19.91) . there exists a minimal 
geodesic segment 7 in the closure of V joining 7(^0) to 7(5^). From (I9.10p . it is clear that 
the generalized open triangle (7, Jlo, J^k) has the required properties in our proposition. □ 

10 Application, I 

In this section, we will prove Theorem 11.41 (Corollary 110.61 and Proposition 110.71) as an 
application of Proposition 19.21 

From the similar argument in the proof of |STl Lemma 3.1], one may prove 

Lemma 10.1 Let 

fit) + Kit) fit) = 0, /(o) = 1, te [0, 00), 

m"(t) + G'(t)m(t) = 0, m(0) = 1, m'(0) = 0, tG[0,oo), 
he two ordinary differential equations with K{t) > G{t) on [0, 00). 
(L-1) Iff>Oon (0, 00), /'(O) = 0, and 

r 1 , 

Jo rn{t)^ 

then Kit) = Git) on [0,oo). 
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(L-2) Ifm >0 on (0,cx)), /'(O) < 0, and 



rdt = OO 



/o Mt)^ 

then there exists to G (0, oo) such that / > on [0,to) o,nd /(to) = 0. 

Hereafter, let {X, dX) be a complete non-compact connected Riemannian n-manifold 
X with smooth convex boundary dX whose radial curvature is bounded from below by 
that of a model surface {X,dX) with its metric f ll.ip . Moreover, 

we assume that X admits at least one dX-ray. 
By Lemma [10 -H we have 

Lemma 10.2 Let /i : [0, oo) — > X be a dX-ray. If {X, dX) satisfies 

COD 



-dt = oo 



m{ty 

then, yu(0) is the geodesic point in dX, i.e., the second fundamental form vanishes at the 
point. 

Proof. Let E he a. unit parallel vector field along /i such that 

A^,(o)(i?(0)) = AE(0), (10.1) 

E{t)Lii\t). (10.2) 
Here A denotes an eigenvalue of the shape operator A^'(o) of dX. Since dX is convex, 

A > 0. 

Consider a smooth vector field Y{t) := f(t)E(t) along /i satisfying 

f"{t) + Kx{^i'{t),E{t))f{t) = 0, 

with initial conditions 

/(0) = 1, /'(0) = -A. (10.3) 

Here KxifJ^'it), E(t)) denotes the sectional curvature with respect to the 2-dimensional 
linear space spanned by /i'(t) and E(t) at /i(t). Notice that Y satisfies 

F(0) e T,^o)dX, Y'{0) + A^'(o)(r(0)) = G (T^(o)5X)^^ 

by ffnuj) . (inOD . and ffTIOD . Suppose that 

A > 0. 
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Since /'(O) < and 



rdt = OO 



Mt)'^ 

it follows from (L-2) in Lemma 110.11 that there exists to G (0, oo) such that / > on 
[0, to) and 

/(to) = 0, (10.4) 

i.e., 

Y{t)^0, te[0,to) (10.5) 

and Yito) = 0. Since 

(i?(/x'(t),r(t))/i'(t),r(t)> = fitr{Ri^^'it),E{t))^^'it),E{t)) = -fit) fit), 

we have, by ffTTT^ and ffTTTD . 

h,{Y,Y) = £ j^iffVt = f{to)f'{to) - /(0)/'(0) = A (10.6) 
Thus, by ffTTU]) . ffTTOj) . and ffTaHjl . 

4°^(y,F) = 4(1^, 1^) - (A^.(o)(r(o)),r(o)> = a - a = o (10.7) 

On the other hand, since dX has no focal point along fi, for any non-zero vector field Z 
along fj, satisfying Z{0) G T^(o)5X and 2'(to) = 0, 

I'MZ,Z)>0 (10.8) 

holds (cf. Lemma 2.9 in [S^, Chapter III]). Thus, by ffTOTl) and ffTOB . y = on [0,to]- 
This is a contradiction to (110. 5p . Therefore, A = 0, i.e., /i(0) is the geodesic point in dX. 
□ 

Here we want to go over some fundamental tools on (X, dX) : A unit speed geodesic 
7 : [0,a) — > X {0 < a < oo) is expressed by 7(5) = {x{j{s)),y{'y{s))) =: (x(s),y(s)). 
Then, there exists a non-negative constant u depending only on 7 such that 

u = m{S:{s)Y\y\s)\ = m(£(s)) sin /(f (s), (9/9x);^(,)). (10.9) 

This f ll0.9p is a famous formula - the Clairaut relation. The constant v is called the 
Clairaut constant of'y. Remark that, by f ll0.9p . u > if and only if 'y is not a dX-ray, 
or its suharc. Since 7 is unit speed, we have, by (110. 9p . 

s = ± ^ ^ )'\^ 10.10 

By (110. lOp . we see that x'{s) = if and only if m{x{s)) = u. Moreover, by (110.101) . we 
have that, for a unit speed geodesic 7(5) = (a;(s), y(s)), Si < s < S2, with the Clairaut 
constant 

"^(^2) m{t) 



S2-s, = <P{x\s)) / , . .V , dt (10.11) 

if x\s) 7^ on (si,S2). Here, 0(5;'(s)) denotes the sign of x\s). Furthermore, we have a 
lemma with respect to the length -^(7) of 7 : 
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Lemma 10.3 Let 7 : [0, Sq] — > X \ dX denote a unit speed geodesic segment with 
Clairaut constant v. Then, L{j) is not less than 



,2 



t2-ti + — 



2 Jti ■m{t)^/m{ty — z/^ 
where we set ti := x(0) and t2 := x{sq). 



dt 



(10.12) 



Proof. We may assume that t2 > ti, otherwise (110.121) is non-positive. Let [si,S2] be a 
sub- interval of [0, Sq] such that 

x'{s) ^ 

on (si,S2). By ffnUTj) . 



^(7l[.. 



S2 - Si 



m(t) 



dt 



Since x'{s) 7^ for all s G (si, S2) with x{s) G [^1,^2], we may choose the numbers Si and 
S2 in such a way that 

x(si)=ti, x(s2)=t2 



or 



Thus, we see that 



Since 



we have, by (110. 13p . 



m> 

m{t) 



x{sx) = t2, x{s2) = ti. 

m{t) 



t2 



> 1 + 



dt 



(10.13) 



2m{t)^m{tf - z/2 



L{i) >t2-ti + -J^ 



m{t) \J m{t)'^ — 



dt 



□ 



Lemma 10.4 For any q G Cut(9X) fl (X \ dX) and any e > 0, there exists a point in 
Cut((9X) r\B^{q) which admits at least two dX-segments. 

The above lemma is well-known in the case of the cut locus of a point (see ^), which 
can be proved similarly. However we will give a proof of the lemma totally different from 
it (see Section [121). 



— > X he a dX-ray guaranteed by the assumption 

00 



Proposition 10.5 Let Ho : [0, 00) 

above. If {X, dX) satisfies 



m{tY 
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dt = 00 



(10.14) 



or 

liminf m(t) = (10.15) 

then, any point of X lies in a unique dX-ray. In particular, dX is totally geodesic in the 
case where ^10.14^ is satisfied. 

Proof. Choose any point q G X\dX not lying on fiQ. Let /ii : [0, d(dX, q)] — )• X denote 
a 9X-segment with fii{d{dX, q)) = q. For each t > 0, let 74 : [0, d{q, /io(^))] — > X denote 
a minimal geodesic segment emanating from q to fio{t). From Proposition 19.21 and the 
triangle inequality, it follows that there exists a generalized open triangle {dX, /io(^), q) = 
(7t,/io\/ii) in X corresponding to the triangle {dX, no{t),q) = (7^, /io|[o,t], yUi) in X such 
that 

d{dX, /ioW) = t, d{dX, q) = d{dX, q), (10.16) 

and 

Li7t)< dMt), q)<t + diq, /io(0)) (10.17) 

and that 

Z(9X,g,/io(t)) > Z(9X,g,/2o(t)). (10.18) 

Here Z{dX,q, fio(t)) denotes the angle between two sides /ii and 7* joining q to dX and 
/io(t) forming the triangle (9X, /io(t), g). From Lemma [10.31 (110. 16p . and (110. 17p . we get 

t + diq,fiom>Hlt) 

> t - d{dX, 9) + "^ f . ^, dt (10.19) 

^ Jd(ax,c,) m[t)\/m[tY — vf 



where denotes the Clairaut constant of 7^. By fll0.19p . 

d{dX, q) + rf(g, /io(O)) >% ! dt (10.20) 

2 Jd{dx,q) m{tr 

First, assume that {X,dX) satisfies (110.140 . Then, it is clear from (110. 20p that 

lim Ut = 

Hence, by (110. 9p . we have 

lim Z{dX, q, /2o(t)) = TT (10.21) 

t—>oo 

By (110. ISp and (110. 2ip . 700 := limf_^oo 7t is a ray emanating from q such that 

Z(7^(0),-/i'iK5^,g))) = vr. 

This implies that q lies on a unique c^X-segment. Therefore, by Lemma [10. 4[ q lies on a 
dX-iaj. Now, it is clear from Lemma [10.21 that dX is totally geodesic. 

Second, assume that {X, dX) satisfies (110. ISp . Then, there exists a divergent sequence 
{ti}igN such that 

lim m{ti) = (10.22) 

>-oo 

41 



From fllO.Qp . we see 

< m{ti), (10.23) 
where Ui denotes the Clairaut constant of 74,. Hence, by (110. 22p and (110. 23p . 

hm inf t'j = 

t—>oo 

holds. Now, it is clear that there exist a hmit geodesic of {7*^} such that 700 is a ray 
emanating from q and satisfies Z (7^(0), —^[{d{dX, q))) = n. Therefore, by Lemma [10. 4[ 
q lies on a dX-iaj. □ 

By Proposition 110. 5[ there does not exist a cut point of dX. Therefore, it is clear that 
Corollary 10.6 // (X, dX) satisfies ^10.14\), or l{10.15\) . then X is diffeomorphic to 



[0,00) X dX. 

Furthermore, we may reach stronger conclusion than Corollary 110.61 : 
Proposition 10.7 // {X, dX) satisfies 

1 

-dt = 00 



Ht)'^' 

then, for every dX-ray /i : [0, 00) — )■ X , the radial curvature Kx satisfies 

KxicTt) = G{j2{t)) (10.24) 

for all t G [0, 00) and all 2- dimensional linear space at spanned by fi'{t) and a tangent 
vector to X at fi{t) . In particular, X is isometric to the warped product manifold [0, 00) 
dX of [0, cxo) and {dX,gsx) with the warping function m. Here gox denotes the induced 
Riemannian metric from X . 

Proof. Take any point p G dX, and fix it. By Proposition 110. 5[ we may take a dX-iaj 
/i : [0, 00) — )■ X emanating from p = /i(0). Suppose that 

KxicrJ > G(/i(to)) (10.25) 

for some linear plane at^ spanned by /i'(to) and a unit tangent vector t>o orthogonal to 
yu'(to)- If we denote by E(t) the parallel vector field along fi satisfying -E(to) = "^^O; then 
E{t) is unit and orthogonal to ^'{to) for each t. We define a non-zero vector field Y{t) 
along yU by y(t) := f{t)E{t), where / is the solution of the following differential equation 

f"it) + Kxifi'it),Eit))fit) = (10.26) 

with initial condition /(O) = 1 and /'(O) = 0. Here Kx{fi'(t), E(t)) denotes the sectional 
curvature of the plane spanned by fi'{t) and E{t). It follows from (110. 25p and (L-1) in 
Lemma [10.11 that there exists ti > such that /(ti) = 0. From (110. 26p . we get 

It,iY,Y) = £ j^iff')dt = (10.27) 
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Since dX is totally geodesic by Proposition [1051 A^/(o)(^(0)) = 0. Thus, by ([TOJZD, 
X^q\{Y,Y) = holds. On the other hand, ll\(Y,Y) > holds, since there is no focal 
point of dX along /i. This is a contradiction. Therefore, we get the first assertion ( I1U.24I) . 
Now it is clear that the map if : [0, oo) dX — y X defined by 

(p{t,q) := exp-^{tVq) 

gives an isometry from [0, oo) dX onto X. Here Vg denotes the inward pointing unit 
normal vector to dX at g G dX. □ 



11 Application, II 

In this section, we will prove another splitting theorem (Theorem I11.6P as an application 
of Theorem 18. 4[ 

Throughout this section, let {X, dX) be a complete connected Riemannian n-manifold 
X with disconnected smooth compact convex boundary dX whose radial curvature is 
bounded from below by 0. Under the hypothesis, we may assume 

k 

dX = [jdXi, k>2. 

i=l 

Here each dXi denotes a connected component of dX and is compact. Set 

i := mm{d{dXi, dXj) \ l<i,] <k,i^ j}. 
Then let 8X1,8X2 denote the connected components of 8X satisfying 

d{8Xi,8X2) = i. 

The proof of the next lemma is standard : 

Lemma 11.1 Let fi denote a minimal geodesic segment in X emanating from 8X1 to 
8X2- Then, there does not exist any other 8X -segment to fi{i/2) than fi\[oj/2] and fi\[£/2,£]- 
Furthermore, each midpoint fi{i/2) is not a focal point of 8X along fi. 

Hereafter, the half plane 

Rl := {peR^l x{p) > 0} 

with Euclidean metric dx'^ + dy"^ will be used as the model surface for (X, 8X). 

Lemma 11.2 Any point in X lies on a minimal geodesic segment emanating from 8X1 
to 8X2 of length i. In particular, 8X consists of 8X1 and 8X2- 
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Proof. Since X is connected, it is sufficient to prove that the subset (9 of X is open and 
closed, where O denotes the set of all points r G X which lies on a minimal geodesic 
segment emanating from dXi to 8X2 of length i. Since it is trivial that O is closed, we 
will prove that O is open. 
Choose any point 

r G O, 

and fix it. Thus, r lies on a minimal geodesic segment fii : [0,i] — > X emanating from 
dXi to 8X2. Set 

Let S be the equidistant set from dXi and 8X2, i.e., 

S:={qeX\ d{dXi, q) = d{dX2, q)}. (11.1) 
It follows from Lemma 111.11 that 

SnB,^{p) c Cut{dX), 
if £1 > is chosen sufficiently small. Choose any point 

qESnB,,ip)\{p}, 

and also fix it. Let rji, i = 1,2, denote a SX-segment to q such that ?7i(0) G dXi and 
772(0) G 5X2, respectively. Moreover, let 7 : [0,d{p,q)] — > X denote a minimal geodesic 
segment emanating from p to q. Since 

Al'iO), -fi[m)) + Ziy{0),^^[{i/2)) = n, 

we may assume, without loss of generality, that 

^(7'(0),-/.;(£/2))<| (11.2) 



It follows from Theorem 18.41 that there exists an open triangle ((9M^,p, g) = (7,yUi,?7i) in 
corresponding to the triangle {dXi,p,q) = (7, ;Ui|[o,^/2]5 ''?i) such that 

d{dRl,p) = i/2, d{p,q) = d{p,q), d{dW.\,q) = d{dXi,q), (11.3) 

and 

Z(7'(0), -^^\{i/2)) = Zp>Zp, Zq>Zq. (11.4) 
By fflT^ and Zp > Zp of f lTTil) . we have 

Zp<^ (11.5) 

Since our model is M^, it follows from the two equations d{dX,p) = i/2, d{dM^,q) = 
d{dXi,q) of flTT^ . and ffTT3|) that 

d{dX,,q) = d{dRl,q)<^ (11.6) 
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On the other hand, the broken geodesic segment defined by combining rji and ri2 is a curve 
joining dXi to 8X2- This imphes that length of the broken geodesic segment is not less 
than that of /ii. Thus, 

2L(r/i) = L(r/i) + L(772) > ^, (11.7) 

where L( ■ ) denotes the length of a curve. Since L{rji) = d{dXi, q), we have, by flll.Tp . 
that 

d{dX,,q)>^ (11.8) 



By (HTM and ffTLSD 



d{dX,,q) = d{dX2,q) = - 

Therefore, we have proved that any point g G S" fl B^^{p) is the midpoint of a minimal 
geodesic segment emanating from dXi to 8X2 of length ^. Furthermore, by Lemma [11. 1[ 
each point of 5* fl B^-^^{p) is not a focal point of dX. It is therefore clear that any point 
sufficiently close to the point r G O is a point of O, i.e, O is open. □ 

Remark 11.3 From Lemmas 111.11 and lll.2[ it is clear that 

Cnt{dX) = {peX\ d{dX,p) = £/2} = S (11.9) 

and that 

d{dX,p) < ^ (11.10) 

for all p G X. Here S is the equidistant set defined by fill. II) . Thus, from the proof of 
Lemma [11.21 we see that 

Zp = Zq = - 

holds for all p,qE Cnt{dX). 

Lemma 11.4 Cut{dX) is totally geodesic. 

Proof. Let p, q be any mutually distinct points of Cut{dX), and fix them. Moreover, let 
7 : [0, d{p, q)] — y X denote a minimal geodesic segment emanating from p and q. If we 
prove that 

7(t) G Cnt{dX) 

for all t G [0, d{p, q)], then our proof is complete. Suppose that 

7(to) ^ Cnt{dX) (11.11) 
for some to ^ (0, d{p, q)). By flll.Qp . we have that 



and that 



d(9X,7(to))^- (11.12) 



d{dX,p) = d{dX,q) = - (11.13) 
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The equations flll.lOp and f lll.l2p imply that 

d{dX,^{to))<^ (11.14) 

Without loss of generality, we may assume that 

d{dX, 7(to)) = ram{d{dX, 7(t)) | < t < d{p, q)} (11.15) 
By Remark [11. 3 1 fill. lip , and f ill. 151) . we obtain the open triangle {dX,p, 7(^0)) satisfying 

^P=f ^7(to) = ^ (11.16) 

From Theorem 18. 4[ f lll.l3p . flll.l4p . and flll.l6p . we thus get an open triangle {dM.'^,p, 7(^0)) 
in corresponding to the triangle (9X, p, 7(^0)) such that 

d{dRl,p)=^- d{dRl,j{to))<^- 

and that 

Zp<- Z7(to)<2 

This is a contradiction, since our model is M^. Therefore, 7(t) G Cut((9X) holds for all 
te[0,dip,q)]. □ 

Lemma 11.5 For each t G (0,£/2), the level set 

Hi{t):={pEX\didXi,p)=t}, 1 = 1,2, 

is totally geodesic, and Hi{t) is totally geodesic for all t G (0,£). 

Proof. Take any t G (0, ^/2), and fix it. Let p, q be any mutually distinct points in Hi(t), 
and also fix them. Let /ii,/i2 : [0,£] — > X denote minimal geodesic segment emanating 
from dXi to 8X2 and passing through fii(t) = p, fi2(t) = <?, respectively. Thus, we have 
an open triangle {dXi,p,q) = {^t, l^i\[o,t], l^2\[o,t]), where 7t : [0,d{p,q)] — > X denotes a 
minimal geodesic segment emanating from p to q. If we prove 

Zp=Zg = | (11.17) 

then we see, by similar argument in the proof of Lemma ril.4[ that Hi (t) is totally geodesic. 
Thus, we will prove flll.l7p in the following. 

By Theorem 18.41 there exists an open triangle (9R^,p, g) = (7*, /ii|[o,t], At2|[o,t]) in ^+ 
corresponding to the triangle {dXi,p,q) such that 

d{dRl,p) = d{dRl,q) = t, d{p, q) = d{p, q) (11.18) 

and that 

Zp>Zp, Zq>Zq. (11.19) 
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Since our model is M^, the equation d{dM'^,p) = d{dM.'^,q) of flll.lSp implies that 

Zp=Zg = | (11.20) 

Thus, by (0X1^ and fllT^ . we have 

^P>1 Zg>| (11.21) 

On the other hand, by Lemma [11.41 Cut(9X) is totally geodesic, i.e., all eigenvalues of 
the shape operator of Cut{dX) are in the vector normal to Cnt{dX). Since the radial 
vector of any Cut(9X)-segment is parallel to that of a (9X-segment, Cut{dX) has also 
non-negative radial curvature. Therefore, we can apply Theorem 18.41 to the open triangle 

{Cnt{dX), p,q) = (7t,Aii|[t,£/2],yU2|[t,^/2]). 
Thus, by Theorem 18. 4[ there exists an open triangle 

{dRl,p,q) = i%fil\[t,i/2],fj'2\lt,i/2]) 

in corresponding to the triangle {Cut{dX), p,q) such that 

d{dRl,p) = d{dRl,q) = i/2-t, d{p, q) = d{p, q) (11.22) 

and that 

n-Zp>Zp, Ti-Zq>Zq. (11.23) 
As well as above, the equations f lll.22p and f lll.23p imply 

TT 71 

vr — Zp>— TV — /Iq > — 
^ - 2 2 

since our model is M^. Thus, we have 

^P<1 Zg<| (11.24) 

By flll.2ip and (111.241) . we therefore get (I11.17p . By the same argument above, one may 
prove that H2{t) is also totally geodesic for all t G (0,£/2). Since Hi{t) = H2{i-t), Hi{t) 
is totally geodesic for all t E {0,i). □ 

Theorem 11.6 Let {X,dX) be a complete connected Riemannian n- dimensional mani- 
fold X with disconnected smooth compact convex boundary dX whose radial curvature is 
bounded from below by 0. Then, X is isometric to [0,i] x dXi with Euclidean product 
metric of[0,i] and dXi, where dXi denotes a connected component of dX . In particular, 
dXi is the soul of X. 
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Proof. Let $ : [0,£] x dXi — > X denote the map defined by 

■.= exp^{tvp), 

where Vp denotes the inward pointing unit normal vector to dXi at p G dXi. We will 
prove that the $ is an isometry. From Lemma [11. 2 1 it is clear that $ is a diffeomorphism. 

Let III : [0,i] — > X denote any minimal geodesic segment emanating from dXi 
to 8X2, and fix it. Choose a minimal geodesic segment /i2 : [0,i] — > X emanating 
from dXi to 8X2 sufficiently close /xi, so that, for each t G (0,£), is joined with 

A*2(i) by a unique minimal geodesic segment 74. Since each level hypersurface Hi(t) is 
totally geodesic by Lemma [11.51 7f meets /ii and /i2 perpendicularly at yUi(t) and /i2(t), 
respectively. Therefore, by the first variation formula, 

^C^(/il(t),/i2(t))=0 

holds for all t G (0,^). Thus, d{ni{t) , fi2{t)) = rf(/ii(0), /i2(0)) holds for all t G [0,£]. This 
implies that 

^11.25) 

for all t G [0,i]. Here (xi, X2, . . . , a;„_i) denotes a system of local coordinates around 
p := /ii(0) with respect to dXi. Since 













(^) 



(0,P). 



we get, by (lll.25|) . 



It is clear that 



and 



d 



dxi 



dxi 



d 



(0,P) 



_d_ 

dxi 



i = 1, 2, . . . , n — 1, 



_d_ 

dXr 



^11. 27) 



11.28) 



for all t G [0,^]. Here xq denotes the standard local coordinate system for [0,£]. By 
(IIL26D, flTL?rD . (fTT:28|) . $ is an isometry. □ 

Remark 11.7 Notice that non- negative radial curvature does not always mean non- 
negative sectional curvature (cf. |KT2"| Example 5.6]). Although Theorem 111.61 extends 
one of Burago and Zalgaller' splitting theorems to a wider class of metrics than those 
described in jBZl Theorem 5.2.1], Ichida |T] and Kasue ^ obtain the same conclusion 
of Theorem 111.61 under weaker assumptions, i.e., the mean curvature (with respect to 
the inner normal direction) of boundary are non-negative, and that Ricci curvature is 
non- negative everywhere. 
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12 Appendix 

In this section, we will give the proof of Lemma I10.4[ where we do not demand any 
curvature assumption on a manifold. 

Lemma 12.1 Let{X,dX) be a complete connected Riemannian n-manif old X with smooth 
boundary dX . For any q G Cut{dX) fl {X \ dX) and any e > 0, there exists a point in 
Cut{dX) r\ Bs{q) which admits at least two dX-segments. 

Proof. Suppose that the cut point q admits a unique 9X-segment fig to q. Then, q is the 
first focal point of dX along fig. For each p G dX, we denote by Vp the inward pointing 
unit normal vector to dX at p G dX. And let W be a sufficiently small open neighborhood 
around d{dX, g)/ig(0) in the normal bundle N'ax of dX, so that there exists a number 

X{vp) G (0, oo) 

such that exp^(A(fp)fp) is the first focal point of dX for each X{vp)vp G U. Set 

k := liminf i^(wp) 

where i^{vp) := dim'keY{dexp^)x(vp)vp- Since U is sufficiently small, we may assume that 

z/(t>p) > k 

on Ux := I w G U}, which is open in the unit sphere normal bundle of dX. It is 

clear that, for each integer m > 0, the set 

{vp G Ux I iank{dexp^)x{vp)vp > fn} 

is open in Ux- Hence, by \TT2\ Lemma 1], A is smooth on the open set 

{vp G Ux I i^{vp) <k} = {vp G Ux I i^{vp) = k} C Ux- 

Since 

{dexp^)x(vp)vp ■ Tx(vp)vp -Afdx — > Tey,p±{x{vp)vp)X 

is a linear map depending smoothly on Vp & Ux, there exists a non-zero vector field W 
on Ux such that 

Wy^ G keT{dexp-^)x(vp)vp 

on Ux- Here, we assume that 

ker{dexp-^)x{vp)vp C T^pUx 

by the natural identification. 

Assume that that there exists a sequence {/ij : [0,£i] — > X} of 9X-segments conver- 
gent to fig such that fii{ii) G Cut{dX) and fii{ii) ^ Foc{dX) along /ij. Then it is clear 
that each fii{ii) admits at least two (9X-segments. Hence, we have proved our lemma in 
this case. 
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Assume that 

exp^(A(fp)fp) e Cnt{dX) 

for all Vp G Ux- Let <j{s), s G (—5,5), be the local integral curve of W on Ux with 
/i'g(O) = a(0). Hence, 

(dexp^)A(a(s))a(s)(0-'(s)) = 

on [—6,6). From |ITH Lemma 1], it follows from that 

exp^{\{a{s))a{s)) = exp^(A((T(0))a(0)) = q. 
Hence g is a point in Cut{dX) admitting at least two (?X-segments. □ 
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